


Some New Simple t-Designs
D. L. Kreher, Y. M. Chee, D. de Caen, C. J. Coibourn and E. S. Kramer

ABSTRACT

The concept of using basis reduction for finding ¢—(v,k )
designs without repeated blocks was introduced by D. L. Kreher and
S. P. Radziszowski at the Seventeenth Southeastern International
Conference on Combinatorics, Graph Theory and Computing. This
tool and other algorithms were packaged into a system of programs
that was called the design theory toolchest. It was distributed to
several researchers at different institutions. This paper reports the
many new open parameter situations that were settled using this tool-
chest.

1. Introduction

A t—(vk A} design (X,@) is a family of k-element subsets & from a v
element set X such that every i—element subset T C X is contained in exactly A of
the k-element subsets in &. A current listing of the settled parameter sitnations for
t—(v,k ) designs is provided in [CCK]. A group G < Sym(X) is an automorphism
group of a t—(v,k ) design {X,d) if @ is a union of orbits of belement subsets
under G. For each G-orbit A of felement subsets and for each G-orbit T of &
element subsets define Az|A,T]tobe [{K€T: K2 T}|, where T € A. This value is
independent of the choice of T. If N; is the number of G-orbits of i-element subsets,
then Ag s an Ny by N, nonnegative integer valued matrix. In 1973 Kramer and
Mesner [KM] made the following observation:

A t—{v,k ) design exists with G < Sym(X) as an automorphism group if and

only if there is a {0,1)-solution U to the matrix equation

AgU = A, ' (1)

where: J=Il,1,l,...,1]r.
Several attempts were made to design a computer program for finding solutions to
equation (1) among the most successful is the so called Basis Reduction algorithm
designed and implemented by Kreher and Radziszowski [KR1,KR2]. The central
idea of this algorithm is to find & (0,1)-vector I/ such that:

I 0 U
1T o -0l
[Au _ag| | 4| = U700
Such & U gives a t—(vk d-A} design with automorphism group G for some non-

I o
negative integer d. They observe that if B=|, _,j{ and T is the lattice

- obtained as the integer span of the columns of B then
U = [U7,0,+,0]7 is a short vector of T (i.c. [U]2 < Ny).
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Fina.l]y they implemented several methods of efficiently transforming the basis B to
a new basis B’ of I' such that : :

v{IVi*:veB}>n{|V|*:VeB’}.

Repeated application of these methods to the basis causes basis vectors to become
shorter and shorter and a solution to egn. (1} very often appear in the basis, Using
these methods and other tools found in the design theory toolchest we were able to
settle all of the parameter situations found in Table L

TABLE 1
Parameter Situation Automorphism group
2-(18,7)) . A=0(mod335) SAF(17),,
2-(20,4,2} A=0 {mod 3) . SAF(19)o
3-(16,7,A) A=10 Frobenius of order 16-5
3(19,7,0) all possible A’ AF(19)
X € {112,196,280,364,924,1204,
#(199.4) 17§4f2044,2604,2884,3444,3724} AF(19)
A€ {18,28,48,58} Hypergraphical
3(205,1) Ae{24,54} Semi-hypergr.?phical :
_ o A€ {12,22,34,42,52,64} H,, where H is Frobenius of order 19-6.
X € {50,56} DywrAg
A€ {15,39,48.69,75 Semi-graphical
F25A) e Eso,sa,ag,sg,'(si Grapﬁ:alp
X € {40,68,108,120,136,
160,208,220,236,248 268,
3(216,\)  280,296,320,328,340,356, Semi-graphical
376,388,400,168,176,256,
288 336,368).
3(2388) 422 AF(23)
3(239,945) s>2 AF(23)
3-(25,4,*) AE {2,8, 10} Cg wr Ag
3(268))  A=0or1 (mod10) A€{10,11] _ PSL,(25)
4-(20,5,A) A=4 AF(19),,
£(206)) A=30 AF(18),,
£(216)) A€{36,40,60} PSL,(19)0
L(235))  AE(5,4,56,1,89) AF(23)
(295)  A=5 AF(29)
5(246,2)  all possible A's PSL1(23)e
5(24,7,3)_ all possible X's PSL1(23)c0

In Table I the following notation is used for describing automorphism groups.
K g=p° where p is a prime, then AF(q)={z— a'z+8:a,8€ GF(g), a #0} is the
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so called affine group and has order ¢:(g—1). The representation of this group we
use is the npatural action on the elements of GF(q). We denote by
SAF(q)={z— o*z+B:a,8€ GF(g), @#0} the special affine group a subgroup of
AF(q). Any other transitive subgroup of AF(qg) of order g'n, n |(g—1) is referred
to as Frobenius of order ¢'n. PSL;{p) is the projective special linear group acting
on the projective line. The terms hypergraphical, graphical, semi-graphical and
semi-hypergraphical are described in the next section. If G is a group acting on a
set Y with co ¢ Y, then we denote by G, the representation of G on X =Y {cc}
obtained by adding the point oo fixed by all group elements. Let G and H be per-
mutation groups acting on sets A and B respectively; G wr H denotes the wreath
product of & by H acting on A x B,

2. Graphical, Semi-Graphical, Hypergraphical and Semi-Hypergraphical designs

A t—((2),k,) design (X, D) is said to be graphical if X is the set of all v=(3)
labeled edges of the undirected complete graph K, and if B € d, than all subgraphs
of K, isomorphic to B are also in &@. Thus (X,d) has the full symmetric group S,

as an automorphism group. If the ¢-— ((;) k, 2} design (X,&) only has the alternat-
ing group A, as an automorphism group then we say that it is semi-graphical. An
example of these designs are given in Figure I and the graphical and semi-graphical
designs we found are presented in the appendix. Two orbits under A, whose union
isa smgle 1somorph|sm class of graphs is indicated by adding the subscnpts 1and 2

TS, AT AORS;

>

()

> e o
> Lo ib

(b}
FIGURE 1:(a) incidence matrix of a graphical 3-(10,5,6) design.

(b) incidence matrix of the design in (a} partitioned into two
semi-graphical 3-(10,5,3) designs.
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The generalization from graphical to hypergraphical designs is straight forward.

We simply consider the action of the full symmetric group on X = (5) the collec-
tion of all d-element subsets of the p-element set P. Many of the 3—destgna on.

20= (6) points were found this way. They appear in the appendix.

3. Concluding remarks

Although we found many solutions in several of the parameter situations given
in Table 1, space prohibited the inclusion of more thamn: ene in the appendix. During
this investigation we have realized that many improvemenis to the tools in the
design theory toolchest can be made. Research is planned to make these improve-
ments in the near future.
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APPENDIX

Al 2-(18,7,)) Designs with A =0 {mod 336) -

In Table I is a convenient listing of the orbit representatives of 7-clement
subsets under the action of SAF(17),. Develop each of the 7-element subsets indi-
cated in Table IT with the automorphisms in SAF(17),, to cbtain a 2—(18,7,%)
design. :

TABLE I

3

row and colomn eniry of Table [H

336 23D 24D 24E 27B 27F 27H 2B 13G 1XH 1¢H 17B 18C 14B 20 MF 14H 15G 2D
872 23D 24D 24E 278 27F 2TH 238 28H 208 20C 29D 20H A 3D 123G 13H 16H
17B 18C 2F 19E 10F 3A 3C 4B 2C J4F 14H 15G 2D 17D 17E 3B 3E 3G 4B
1008 18G 21G 22C 23C 23E 23F 24F 24G 25A 258 25C 25D 25F 26C 26G 26H 2TE
28A 28E ZF 51G 14B 2C 14F MH 165G 2D 17D 17TH 3B 2E 3G 4B 34 5B 5C
SE 5F 5G 1D 6E 6F ¢H TB 7G 8B 8F 14A 14C 14D 4E 15A 15C 1TE

M4 18G 13H 20H 21D 21E 21H 22A Z2B 21G 220 23C 23E 23F 24F 24G 25A 25B
25C 25D 25E 28C 286G 26H 27E 284 28E 20F 31G 1B 2C I4F 34H 15G 2D
I7D 17H 3B 2E 3G 4B 54 5B 5C 5E 5F 5G 1D €E 6F 6H 7B 7G 8B §F B 1H
1830 18G 18H 20H 21D 21E 21H 22A 278 228 70F 234 23B 244 MH 250 21G 22C
23C 22E 23F 24F 24G 25A 258 25C 25D 25E 26C 26G 26H 27E 28A 28E 26F
31G 14B 2C 14F 14H 15G 2D 17D 17H 3B 3E 3G 4B 5A 5B 50 5E §F 5G 1D
6E &F 6H 7B 7G 8B 8F 9B 1B LIE 12C 14A 14C 14D 14E 154 15C 17E 17F
18A 18P 18D 18E 19H 1B 3D 5D 6C €D 8G 8A SE 8G 8H 9A 2D 10A 10D 11B
I1H 12F 13A

2016 18G 18H 20H 21D 21E 21H 214G 22C 23C 23 23F MF 4G 254 25B 25C 25D
25E 26C 26G 26H 27E 28A 28F 20F 31G 23D 24D 4E 27B 27F 27TH 28B 28K
208 20C 20D 20H 20A 20D 314 31F 13G 13H 16H 17B 18C 2F 19E 19F 3A 3C
3F 4D 4E IC 4F 6A €D 14B 2C AF 14H 15G 2D 17D 17B 3B 3E 3G 4B 54 5B
BC SE SF 5G 1D 6E 6F €H 1B TG 8B &F 9B 1H HE 12C 14A 14C 14D 14E 154
15C 17E L7F 18A 18B 18D 18E I19H 1B AD 5D 4C D ¢G
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TABLE Il

A B C D B F G B
1{ 01367818 [ 01356810 0135879 | 02358678 | OL134E6T 01335687 0123458 N534678
2} 0123478 p1235462 | 0123870 | 0155872 0334878 OL234TY D12346% 0545673
s| 0123580 0123679 | 0234570 | 0134879 0234679 | 01255610 | 0134889 01345849
4] 01234389 0123880 |01284510] 0234789 013478% 0356789 | 01234610 { 01346710
5| n1z34710 | 01345630 012388710 01366710 | 02848730 | 01346810 D1345810 |[0135€1011
[}
T
3
¥

02546715 } 012344611 |03567310 01347810 08456310 | 0234TE1C 03588010 | 01358000
01234511 | 01235811 01234711 03356811 02346711 | 013468711 oL238T1l o13eesl
oL345831 | 02368711 |C13E88L piseran| o1s47822 § 05236511 03567811 | 01358511
D3567612 | 0E346842 JO1288TL2 oL235612} 01284612 | 02345712 01234812 [ 0O1356742
1w 01236812 | 02356812 (013566812 01337612| 0sabeR12 | 0234TBL2 01238813 | 01234612

1013561012 02346612 03656811)2j01236718] 01234713 01234818 [ 013568813 | 01346813
2] o1237813 |OL368151E 013561034| 01234724 | 02388012 03567813 | 02387813 02348913
15| BL236953 [ 013681213 013681013j018562013] DE3GBLILS 0356811131 01235814 1 0E234614
M) 01346814 | 013587 01236714 |02348704| 01238814 01345814 | 01347854 | 03466810
15} 01858814 | 01237314 J03S6TEN 02347636 | 03565914 [ 023470014 01358715 |p136313 M4
16| 085661034 | 013471014 023471034[0238T11 14| 0234T UM 035681114 [OS4TS11 L4 01235615
7] e1z34815 | 02236715 02346715 | 03456815 | 01348845 01345815 | 01358815 | 03587815
18| o1s67815 | 01347815 02367815]023452015{ 01348015 034581015] 02347900 | 012387 ce
p18681836] 013568716 [02346718 01234618 | 03587818 | 013486816 01347838 [013581018
01238470 | 01234800 01234500 0123660 | 02345700 | 03456800 01345800 | 013587

-
-

01348Too | 02348700 012348c0|01346800] 01236800 | P23568 0 ‘01356800 | 03567800

01347800 | 012378¢c0 0138730 0334TBoc| B238TBoo | 02348000 0234590 | 01234900

01234900 | 0185800 013481200 085881000) 0134¢1000 | 035088900 | 01348000 02387900

D23451000] 01234300 [012361000 0136710c0| 013471000 ] 013581000 3234710 |013481000

02387100 034581000 |0L3681000 0134811c0(0134TH @ |0128T1w 02345100 | 0236710

023471100 03568 1500]0348811 00 DISEEN | 023451001 034TELL 012361200 | 023480

03681300 036891200 [012391200)0138T13c0 0123712c0 | 0236712c0{01340 12001013882

012361300 |0368111200/023451300]01237 1800 D184618c0 | 023471300 [0368301300| 035831300

034881300 023881300 [0368013c0 0367818c0[ 013471400 [0134814o6 02236 00 0234T1 ™

giginlalp|pieig|g|e i

013681500 0368134 00|03888 1400 035824 |03681114oc| 023671600 023451500 | 0134818 00

036813150| 0288815c0{013481000|0134T716 0 03671600 |0388131600] 035681600 [02341516 00

“
=

A3, 2-(20,4,)) Designs with A=0 (mod 3)

Let H be the Frobenius group of order 319 generated by a: X — X+1 and
g:X—T7-X. In Table ¥ is a convenient listing of all the orbit representatives of 4
element subsets under the action of G 1 = He,. Developing each of the 4-element
subsets in Table IV with the automorphisms in G constructs a 2—(20,4,A) design,
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for each A=0(mod 3).

TABLE IV

Tow and column entry of Table V

GA TG 10E 8B TH

10E 12E TH 10B 5A 6H

11A I10E 12E 5A 2F 3H 5C

11A 124 1GE 12E 7H 5A 3A 2F 3H 5C

LiH 11A 124 10E 12E TH 10B 5A 3A 2F 8H 5C 5B

1A 2G OF 10G 3A 3B ZF 3 5C 4B

10E 7H 1A 2G 3C 9E 10G 3A 3B 4C 2F 3 5C

10E 12E 7H 10B 1A 2G 3C SF 9E 10G 34 3B 4C 4H #F 3H

O 1A 2G $E 10G 34 3B 2F SH 5C 5E 5F 6C €D 6G

1GE 7H 9D 1A 2G 3C $E 10G 3A. 3B 4C 2F 3H 5C 5E 5F ¢C &D

1GE 12E TH 108 0D 1A 2C 3C 3F SE 10G 3A 3B 4C 4H 2F 3H 5C §E 5F 6C

9D 11B 1A 2G 9E 10G 3A 3B 2F 3H 5C 5E SF 6C 6D 6C 7B 5C 8D 3G

lEE?HODlIBLnlzGSGQEIDGSASBICE‘JHSCSESFOCEDBGTBBGED

10Emm1mon1mmzcscu‘omocummmwmscmwwwmfasc

9D11.BI.ICIAZGSCGEIDGMSBIC!F!HK:SESFGCG)GGTBBCSDSGQGZB

AR AR RERE-RE AL A

lmmﬂ)IBIICLA!GSCQEIOGMEwﬂ‘SHSCSESFGCﬂ)BGTBBCBDEGQGID.AZA

o
-4

lmm‘,mmmlmncumcscaroe10cnmwmﬂmwmwwmocmscmscoc
04"

T

m1mummuzcscsnmocummmzrsuscsnsrocmscmscsnscoc1mmzc
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mamm1mnc:muzcacmmmmcuaaccmeszran&cs;wwmecmscsnsc
9G 2B 2C

I(EIETBllBQDuBIlGllDMZGSCSFEmeMmlC{HGBZFSESGEESFGCGDGGTBSC
8D 3G 9G 10A 24 2B

ﬂDllBuGll.DllGM!GSCSFEDEIOGM&B(CCHGBTSH&CSEEF&CGDGGTBBCQD!GOG
10A 2A 2B 2C 4D

I.CETHQDH.BllCllDHGMzGSCSFiBiGEIOGM!B‘ClBGBTAT&HSCSEE‘GC@GGTB
3G 8D 8G $G 20 2C 10A 4D

l.CE‘.lEmltBODl!.BuClmuGM!GSCﬁ‘lBlGEIOGM!B&ClHGB?ABEﬂ'ﬁ!SCSESF
8C €D 6G 7B $C 8D BG 9G 104 2D 28 30

onxmuc:mucncumwmmmwmcusswmmumzs‘macmsrwmwm
3C 4D 8G 0G 10A 2D 2B 2C 4D 5D

l(Ei‘BﬂDII.BuGIIDIIGIZCMEGm!FtB‘GDEmGMSBlCiHGBTA!EESESCSEE'BC
&0 6G 7B 8C &D 3G 9G 10A 24 2D 3D 3G 2B 2C
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TABLE V

B

G

¥

G

02910

0129

0238

0235

0124

0123

0125

02456

0128

0338

0237

0127

02468

62871

0167

C128

02868

0242

0148

0278

0173

0289

02590

0239

0249

0179

0269

0279

02510

02310

031210

02410

01710

02610

02810

02014

02¢412

02011

o231

oizn

1T

[E1.310)

0271

02312

c1212

02812

02412

02812

62413

02313

01213

02913

oLTIy

02613

o1o13

02314

02916

02515

02315

01215

02415

029015

02715

026156

[-BE- N NE- NE-NY R NN

02318

021116

062616

02819

02310

02418

G2917

021016

02918

5

02718

0121¢

02619

02519

G2410

02719

01719

[
-

D18 W

g21210

021019

02919

01919

011010

0z1110

041019

011219

<)

¢21519

02110

041310

021619

A3, A 3—(16,7,10)

Let G4 be the representation of the Frobenius group of order 80 generated by

the permutations in table V1. Then developing the T-element subsets
02345915 and 012451015
into 160 blocks with the members of G gives a 3-(16,7,10) design.

TABLE VI

(0,1) (2:3)(4,5(6,7) (59)(10,11)(12,13) 14,13)
(0,2)(1,3)(4,6)(5,7){8,10) (9,11)(12,14)(13,15)
(0,4)(1,5)(2,6)(3,7)(8,12}(9,13)(10,14) (11,15)
(0,8)(1,9)(2,10)(3,11){4,12)(5,13)(6,14)(7,15)
(0)(1,8,15,5,3)(2,9,7,10,6) (4,11,14,13,12)

A4, 3—(19,7,)) designs from AF(19).

Using the elements of AF(19) the orbit representatives given in Table VII can
be developed into seven disjoint 3-{19,7,)) designs for A = 35, 35, 105, 210, 210, 210
and 210 respectively. Taking unions of appropriate combinations of these designs

yield 3-(19,7,1) designs for each possible A.
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TanLE VII

A Orbit representatives

35 012371114 01234512 0123567 01367812

35 013671517 - 0123456 0123457 0123678

105 0123459 0123589 01356911 01346712
01235813 012341112 01345813 01345815
01348918

210 ] 013671114 012371116 01234510 01256917
01367810 01346812 01367915 0123478
01256711 013689013 01345818 01367811
01234811 01346918 01368910 01234710
0136101112

2101 01345911 012381116 0134689 01235817
01256913 01346711 012341113 01256710
012351116 01235818 01347914 01235816
01346814 013671011 01356918 012361011
01368912

20 01237817 01367813 0136101115 01310111318
0134569 013451014 0125679 01234511
01345917 0123458 0136101116 01237813
0136101113 01346818 01356818 01346816
01347918 :

210 f 01356816 012341116 01348915 0134679
0123467 01345910 0136101118 01356711
01256912 01234810 01356914 012371011
01235810 0123568 01345817 01346817
01237814

A5, 3—(19,9,1) designs from AF(19).

Using the elements of AF(19) the orbit representatives given in Table VIII

can be developed into eleven disjoint 3-(19,7,A) designs for A = 28, 84, 84, 252, 252,
504, 504, 504, 504, 504 and 504 respectively. Taking unions of appropriate combina-
tions of these designs yield 3-(19,9,\) designs for many of the previously unreported
values of X in this situation. That is A = 112, 196, 280, 364, 924, 1204, 1764, 2044,

2604, 2884, 3444 and 3724.
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TazLe VI

Orbit representatives

28

01235681013

0123678914

012357121316

0123458913

01234581013

01345681113

0123456916

01345681015

01346781018

012345678

01345791417

252

0123456812
01346781011
0134568914

01236789012
01234671217

0123467913
0123456910

01234681013
01234781013

252

01235691011
0134568911
0134578918

0134678917
01234571114

013678101115
0123456710

0123456818
012345731015

01256791112
0123467811
0123458912
01234681115
0123567914

0134678913
01234561014
0123467912
0123458817

01234591017
01234671113
01356781011
01236781011

01234671415
0123468910

0123580111}5
01234781113

013679101115
01346891012
01234571017
01234571213
01235891013

0123567810
01234789211
013689101112
01345681118

0123456813
01234671015
01234571014
0123456816

01346781113
0134578917
0134578915
0134578911

01234681013
01346891113
0123567911
01234671011
0123467812

01234781014
0123567913

01236891115
01346881017

0123478912
0134567812
0123467813
01346781012

01256891013
01236781117
0123467814
0123456810

0123458915
0123456911
01236781014
01345681012
0134567811

0123456711
0123567915
01346781015
01234781117

01345789186
01235861011
01356781118
0123488915

0123467817

01235671012
01234581015
01345791011

0123467815
0134678918
0123567912
0134567813
01345681016

0134567814

61235681011
01234781011
01234781016

01234591016
0123468911
0134568910
01236791014

0123457912
0123478917
0123456914
01356781115

013678101118
012368101115
012368101113
0123567910
0123478913

0123458916

01236781017
01345681017
01236781012

01234581016
0123781011 14
01234681116
01234581114

01346781217
01345689012
01234571112
013678101116
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A1l 3-(23,8,85) designs for s >2.

Generating the orbit of {0,1,2,3,5,7,12,16} under the group AF(23) constructs
a 3-(23,8,16) design and the unmion of the orbits of {0,1,3,4,6,7,8,22} and
{0,1,2,3,5,7,12,17} forms a 3-(23,8,24) design. These two designs are disjoint. In
each box of Tables IXa, IXb and IXc¢ is displayed two 6-element subsets, A and B.
The union of the orbits of A {0,1} and B\ {0,1} under AF(23) is for each box a
3-(23,8,32) design. Furthermore the 241 designs generated from these tables are
pairwise disjoint and are each disjoint from the 3-(23,8,16) and 3-(23,8,24) designs
given above. Thus by taking unions of combinations of these 243 pairwise disjoint
designs we can construct a 3—(23,8,)) design for each A =8¢ < {15504)/2="T752
except A=8, T

TanLE IXa

356101120 35891117 234568 14601011 235689 35671013
235879 3456010 234570 25791012 234589 23561011
345789 2356910 2345710 3de7o11 2345610 3478%11
2345810 34571012 23568710 346901119 2346810 34581034
2388510 23571215 2367810 23571013 3458810 2348101
3567810 25701013 3487R10 2348915 2348010 23871113
2351910 2567918 2347020 3456715 2367910 23571320
3587010 34578138 2567910 23571213 3456711 3457012
-—2345?11 3458913 2345611 35881014 3468010 2357518
2346212 358101114 234581 3458011 2358811 2356014
3587911 3451018 14 2356011 2358918 aseTell 23468011

2387811 2357913 3457311 3457513 3487811 23481033
3457911 23601113 235791 2387813 23¢To11 23881013
2567911 34569014 3458911 2345812 2348011 2345720
4567011 2358013 2358911 23481214 $i68911 23481019

23880511 23481221 23451011 34881315 357801 356781y
2578011 236381221 4578911 3358014 13881011 Tee81215
25671011 2346014 23581011 3466717 4501011 2345813
46791011 33401214 25701011 23481315 2358912 21345812
3567812 23489017 3466812 SEE1018 14 3458712 2356812
2358712 3567921 2387812 23451018 2357812 34631213
3467812 23481015 3467812 34581018 2367012 386791113
2357012 2358814 2358012 35801218 2347012 35671210
3567912 3sT1012 14 2567012 33591014 23481012 34681117
23561012 23581014 23451012 23561118 3578212 3458714
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TarLE IXb

23571012 2567016 23471012 2356818 4581012 346815221
23681012 23581214 34581012 36781216 23581012 2345710
34681012 2367815 45701012 $5679013 23561112 23681014
L 34561112 35781118 34681112 S5TS1415 34671112 23671013
34571112 3458018 23681112 35671017 s45101112 3457918
36781112 $45702 35681112 234815021 34501112 35867122
34TRILIZ 2345816 3801112 23871316 35%101112 2348920
3458718 388011105 2558713 23871020 3456813 2579311
3487812 23601014 2367913 238101221 23568913 34581115
2567912 23573015 23561013 34681214 3478013 23681015
3488912 356101117 23451013 45791120 S578013 3T10111214
23461013 SETBL3 M 36731018 2547917 34581013 3457915
23581013 34681021 34681013 23651421 35781013 34681317
23591013 3676 36801012 31011121315 35671213 34671213
34591113 238101219 257101113 25571318 25671213 34681016
34781213 28571217 35781213 235802 3481011213 3457814
S88101218 345101214 36781014 2857916 2367014 23891118
23406814 3567102 3010111213 34781420 3410111213 25671015
3510111213 3467814 3810111213 2387814 2345TH4 358901119
23606TH 23591210 23501014 2387922 34589014 35671119
346790 36671015 2587014 34571016 3478914 3R6TIW01S
23451014 346782 3578914 35681019 23571014 34571217
234T0 14 23561016 2567101 23461117 346710014 34681219
35671014 23591218 s4s81014 23489015 35781014 23481219
EX1138T 2357016 34801014 45791114 257010 M 2345717
34791054 23567T1220 346811104 234101217 2367114 345101216
345811 14 23401021 345901114 24571218 S6831011 4 38701118
387011 14 2350010 257101114 3101112 1317 34671214 2356917
345712014 23501018 25071214 23451109 34581214 31011121320
347101214 23469017 350101214 s4eTI217 346813 14 2345712
2345715 34791010 2358715 346111218 2358815 S46101217
2347015 36731017 356TOL5 24591116 3487015 23561218
2358015 23491055 3478915 2357017 2368015 23571019
36578916 aseTH 2l 23871015 2347018 36781015 368111215
23581015 3488102 35681015 3467916 30201015 34671017
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TABLE I¥c¢

23481215 24881018 354811156 3578900 35891115 2347010
3581011156 23491320 35671215 23401118 345101215 23481019
23881215 345711 2 34671315 2359102 23581315 234852
2478018 2310111220 3567816 34891118 23457186 - 235101216

346T1415 34791020 23671415 3578010 $458716 3480101¢
3458210 TSNS 238781s 345792 3457018 236782
35871118 2368818 23871016 23581020 3578916 36781120
23571018 368111221 258671016 33461118 23491018 23581210
23451118 3458918 23471118 236782 34671118 2368917

45791118 SdsT12:2 3458017 34571017 34601418 34701022
367101518 3456571318 2345817 34781218 23879017 23671218
457917 34581437 3567017 36873821 3487017 2345718
23581017 34691021 23451017 345891 ISTEOUT 23881117
23871917 34581017 23571017 383101319 23681017 35610121
347021017 23471219 34801017 23471113 23481117 3ds311
346935517 34571019 35681117 S4501110 34591117 34571320
2571011 &7 34681217 34701217 3456718 3CBOINLT 348101319
34601317 23571221 3467813 23571018 2358918 36781228
2478918 23561009 23471018 35891118 34671018 2388019

236591118 23481020 3456811 23480022 234101218 2380112

23573318 36801021

A.12. 3-(23,9,124) designs for s> 2.

Generating the orbit of {0,1,3,4,5,6,7,11,12} under the group AF(23) con-
structs a 3-{23,9,24) design and the union of the orbits of {0,1,2,3,5,7,8,9,10} and
{0,1,3,4,5,6,7,8,12} forms a 3-(23,9,36) design. These iwo designs are disjoint. In
each box of Tables Xa, Xb, X¢, Xd and Xe is displayed two 6-element subsets, 4
and- B. The union of the orbits of 4(){0,1} and B(){0,1} under AF(23) is for
each box a 3-(23,9,32) design. Furthermore the 403 designs generated from these
tables are pairwise disjoint and are each disjoint from the 3-(23,9,24) and 3-(23,9,36)
designs given above. Thus by taking unions of combinations of these 405 pairwise
disjoint designs we «can construct a 3-(23,%,0) design for each
A =125 <{38760)/2 = 19380 except A=12.
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TABLE Xa
235781013 3488201016 345851016 345801117 3$6T8L111218 3468111519
S4£31115620 23870222 3488101221 2366105222 3101112135417 238801115
30N 121314 268701120 234571213 456701120 34587813 345671012
234571012 235801013 234521001 234571014 34587311 236301012
2567810 284681112 2354789 356701011 23456810 236801012
23458710 348701113 A56TAD 10 346801014 236858010 23587912
23567010 238801215 L466T810 34582913 23458910 23579114
24568010 35870101y 23456811 24591011 14 23456711 2567121318
23567811 3101112131418 Ms4588011 234651119 23567011 346781213
28457011 23567813 13568011 234E8H M 23458918 234501315
35678011 255681012 24578911 23461012156 235TRBOL) 345601214
23678011 234506812 256789011 ZI4STIZIS 234571011 234581014
236561011 2355681114 23456712 S48911151T 235801011 23458018
235681011 2345661114 23¢731011 2345681410 234691015 6890101317
284591011 3458742 345621011 23489 MI5 236791011 23458014
258791012 25567010 238391011 23478134 346891011 234881212
23508912 3458311417 23457812 3406791217 23587812 234801114
234579012 35610111214 23458912 2354671213 346789012 2357101316
345668912 356710122 235TB912 234781213 35CT8P12 2367101315
2386TED 12 234581111 25678012 234561012 224581012 2350891013
235671012 35678813 234661012 3486781118 236781012 SEE6TOIL 14
345781012 235801320 345631012 3456011 14 346781012 S4582 1415
284891012 34567814 '231.191012 23456714 3456901012 3TN 12184
358791012 2579101815 258791012 234681013 23586101112 34578014
$56781112 23656901216 257851012 238701216 3465891012 237N
356391012 2387101814 234561112 3&8TEQIl DD 235671112 2570101113
345681112 345731013 234581112 258701253 235681112 234C811 14
4781112 25789114 23491112 2856718 sdssenr 12 45701011 04
338791112 Sé5671817 3E5TRLL 2 3456718 346701112 345881015
235891112 234581314 2348101112 236781315 2348101112 4567111417
2367101112 345891818 23565101112 245871013 5458101112 ZISTIOVM
2353101512 234891214 3568101112 345801316 3488101512 2354681415
2345671 34451011 % 457010011 12 234791314 235681018 235601014
2365085013 236601015 JAEETOIR 23581L 1215 23457013 246781120
234635013 £57TBOL1 15 Je5T80 13 2357101216 25578018 23671011138
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TaBLE Xb

23878913 3458671015 235671013 23567019 234571012 467101214
2345881038 S45781118 2345381013 3587101113 345871013 23678015
346781013 235881004 345881013 334521218 236781013 2358101213
356781013 2348514 256731013 235651213 234891013 3678101815
235791013 136881021 346601013 235871218 348701013 284511‘!)_.
23¢791018 3450121420 256701018 381011 21815 3456711 2368101250
234561113 345831419 2368901018 2356701215 368801013 356791017
257891013 2346711127 234571113 234801214 235671118 234082101
234081113 A56T10LD 234581118 T45TI21417 236781213 2348101217
457891113 345681017 234891118 467911 4R 235691113 456790 U4
234691113 345681018 238701113 34891016 34589011 13 234571015,
235891113 345871418 2388901113 3456101210 25789L1 13 235781t 14
347801113 3587101520 2358101113 234681214 2357101113 236781216
2356101113 35678918 2348101118 235881421 3456101123 234571320
2350101113 34588015 2880001118 23587014 3670101113 234881115
23610111213 3468011 14 356781213 23¢891016 ‘345681213 23561012 14
I45671218 36TI21314 235681213 2368111221 345781213 254681117
235751213 236781017 236791213 235681215 2348101213 236781016
235891213 d5eéreiis 356701213 3568101114 238591213 235871015
357861218 3456TUHH 1367103212 235681020 2547012138 235781014
345TICG1213 S45B1L 4R 3567101213 234791214 3467111213 235871316
3488101213 23567814 501212 2358101217 2368101218 3457310 14
1359101213 345101201420 2572201213 2357111215 3458111218 345671818
3487111218 346681018 23568014 2356101216 2367804 2357131631
234561014 345610121 245671014 2386791017 235871014 234581022
246781014 I458TH2 345831014 3810111231304 238781014 2345681117
356781014 345791818 23830104 2345681117 234751014 235671018
2A5TIH 4 2578101418 236701014 234571318 356791014 34810121315
I56TRI014 30TRIII 1S 455891014 356793015 23457UM 3456111215
346891014 2356101217 45681214 334601018 235615011 14 285601018
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TABLE Xc

345781114 235891020 I48781124 2546101121 346791114 34560101 20
3467011 14 345871118 FIBTHIL Y 28401021 25679114 235701418
S478001 04 2348101117 3458011 4 356781218 235801114 238601015
4578011 14 34T80LII8 AET80ILI 34590105118 2348101114 ISTOILI2 14
2348101104 S458811 18 235701 M4 234561018 . 2347014 301011121318
34568101114 2346201817 256700 14 234601110 46T 234681018
2358101114 235871118 2348104114 IS45T18 15 34681011 14 2570101818
34801011 14 234831015 Jda8l0i 4 234581015 AAFETLIZ M 346701118
234381214 234791015 23EE812 14 234681018 2367101214 3780
236391214 J456TR219 236701214 235671217 356781284 234571318
34878124 23438101829 I43T12 4 S45691015 356701214 45790101118
256791214 2343101521 23451012 14 23601012 14 I45TIO1Z M4 234567917
3567101214 346891617 S+ TR0I214 234581015 569101214 23470101¢
ZABBLUIZ M 356791018 o324 467891118 348101112 14 310111213415
34701112 14 2358101319 S4T1I01112 14 358791210 383301512 84 36TEI0181T
236781314 36810111215 2340891314 28673117 46781304 234051017
2356101314 235681210 347891314 371011121315 346813 4 ssswnziy
23481013 14 45685408 23471013 14 3489101116 35871015 14 234791018
2567101314 235791017 35781215 M 2363100417 237311131 3467101217
342102213 14 J450601218 38810121314 346781118 3410111210 14 236791118
3510411218 4. 235671016 235601018 346821017 23568915 2346801015
39101112184 2457121817 23567015 345791119 34587816 234801110
2A457915 346801115 23458915 2356101116 25678915 235791016
235681015 3457101218 236781015 345891617 356781010 348791219
2357912015 234891315 S45801115 3457101210 2345811135 34781320
350801015 58510111220 345671116 3467001119 234581155 34591011 19
2365881115 2356101418 235601115 23480022 234601116 2358681019
Ji6TOLLLE . 267891118 2367011156 23567020 254891115 234881018
235891115 2570101317 2345101115 3478131422 2357101115 345801418
34561012115 234581418 236810115 AG8TES1IT 3458101115 34881232
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TaBLE Xd

2353101115

3tz 132 3450101115 2342121409 135301215 234791017

345671215 3460017 235671218 234801020 234881215 2357w 2

‘234581215 346781016 368731315 346781216 234851215 23679122
s57391215 245681318 3587101216 23588918 3462101215 36810111221

3463101215 348781118 348811215 3456101217 3680111215 2356871019
35610111215 238801817 345871415 236101010 347801315 3468111217
235681315 356TOW0I0 345671315 23488100 3486781315 3478101216

345801816 268791116 238891315 2848101515 2345101315 34Tl 0

2342101315 3ets111219 36710130315 234601319 TILBTHIS 3d45s01 0
35891415 2387910 A4580 1415 257851121 234200415 S4581011 26

213571014 15 2348101218 34567818 34391 234680168 3450101118
235681010 346711210 2345810148 234501121 348781016 345701222

46881218 135671021 234571118 256701320 31011 1213 1417 236801116

3s10il1218 14 25679120 234571218 456701120 34567813 345671012
234571012 235891013 234581011 234571014 3d45e781 236891012

28567310 234681112 2358780 35¢791011 23458810 235801012

254586710 3486701113 35678010 365691014 23568910 235879012

23587010 238591215 J3i567810 34568013 23458910 235791 4

34568010 3567010 234563811 35450101114 23456711 2567121318

33567811 3101112131436 3456891 TILG8I 23567011 48781218

23457511 23587818 23588911 234581114 23458012 234581315

35878511 235681012 34578011 21345101235 23578911 345801214

23678911 23456812 25678011 234571214 234571011 234581014

234581011 2356814 23456712 3480111517 235691011 25458018
235681011 33456UM 238673101 23458119 234801011 TE80101317
2345901 345671422 3453601008 254801415 236791011 23458014
258791011 23567018 238390100 234TRI3 54 $46801011 234681219
23568912 3458111417 23457812 46TD 1217 23567812 2346911 14

23457012 366101212 4 23458912 IIFGTI2LS 34578012 1357101318

34508012 3507101220 23578012 234781213 35078512 2387105315
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TABLE Xe

23673912 23458112 25678912 234561012 2354581012 235691013
235671012 35678913 234681012 s48T81112 238781012 356701114
345781012 235801320 345081012 345090010 346781012 3458916
2346901012 34567314 2347001012 23458714 345691012 $710111213 14
3667901012 2579101315 3567901012 234881013 23568101112 345789014

356781112 235601216 257801012 136791216 346891012 235711122
366891012 2387101314 234581112 367801113 235671112 25791011 13
S$45681112 345781013 23452112 256791218 23568112 234681114
346782 257891114 2346901112 235671416 456112 45679101114

236791112 345671317

A.13. 3—(25,4,)) designs with A € {2,8,10}.

Let G; be the representation of the wreath product Cj wr Ay generated by
the permutations in Table XI. Then a 3—(25,4,)) design for each A€ {2,8,10} can
be obtained by developing the 4-element subsets in the appropriate table below.

TABLE XI

[1,2,3:4,5)(6,7,8,9,10)(11,12,13,14,15)(16,17,18,19,20)(21,22,23,24,0)
- (1,6,11,16,21)(2,7,12,17,22) (3,8,13,18,23) (4,9,14,19,24)(5,10,15,20,0)
(1,2)(34)(6,7)(8,9) (11,12} (13,14) (16,17)(18,19) (21,22} (23,24)

TABLE XI: A 3-(25,4,2) design.

0128 01610 01511 05616 051015
06718 011021 051121 0212223

TABLE XI: A 3-(254,8) design.

0125 0678 05610 01511 01211 06710
01712 011020 01215 061012 011015 011017
05617 06718 01218 06720 05622 051620
051121 01522 011022 01723
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TABLE XI: A 3-(25,4,10} design.

0156 0125 011011 0121 06710 05611
06711 011020 01215 01713 01213 061012
011015 051015 011017 01517 051016 061016
05617 01218 05620 06720 05622 06721
01522 011022 01723 012223 0212223

A.l. 3-(26,6,)) designs with A\=0or1 (mod 10), A ¢ {10,11}
Let G4 be the representation of PSL4(25) generated by

(1,2,34,5) (6,7,8,9,10)(11,12,13,14,15)(16,17,18,19,20)(21,22,23,24,25)
(1,6,11,16,21)(2,7,12,17,22)(3,8,13,18,23)(4,9,14,19,24)(5,10,15,20,25)
{1)(2,7,14,3,13,22,5,25,18,4,19,10)(6,8,20,11,15,9,21,24,12,16,17,23)

d
(0,1](3,4)(6,16)(7,10}(8,12)(9,15)(11?211)(13,18)(14,19){17,23)(20,24)(22,25)

There are two orbits of 3-element subsets and orbit representatives for them are:
T,={0,1,2} and T, ={0,1,6}. There are forty-five orbits of 6-element: subsets and
orbit representatives for them are given in Table XII. Using tools in the design
theory toolchest these representatives were obtained and the A matrix was con-
structed. The transpose of this matrix can be found in Table XIIL Note that many
columns of Ay have exactly the same entries. We represent this in Table XIO by
listing in a particular row all the orbits which yield the column entries given in that
row. From this data it is relatively easy to construct a 3—(26,6,1) design for each
A=00r1(mod 10}, A ¢ {10,11}.

TABLE XTI
A ):] C D E
0127912 012879 01238¢ 012587 0123¢7
012345 ¢12340 012363 012479 0123719
012579 otr2so11 0127910 0L2789 012689
01286711 12791 0128911 0123012 0128912
01279018 '0127015 0128714 G126%913 0138913

01391213 0123914 01239015 0123916 0126718
01201115 0133¢17 0126718 0123028 0123920
0123910 0126719 124908 0123621 01291830
018111821 0127923 0124022 012392 012402

oa-ono-o.unn—
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TABLE X1II

A%
T! T! Row and column entries of Table X1
0 1 OA
1 0 2ZA
20 20 5B 5D
8 12 S8E
12 8 6D
30 30 5E 9B SE
12 18 6E 8D
18 12 2C 8B
60 60 1B 1C 1D 1E 3A 3D 4D 5C 7D TE
24 36 1A 3B 4C 6A TA 9D
36 24 3C3E8C 7B 8C 9C
48 72 4A 4B 4E 5A
72 48 | 2D ZE 6B 8A
B84 3 2B
36 84 7C

AJ5. A 4-(20,5,4) Design.
Developing each of the thirteen 5-element subsets in Table XIV with the auto-
morphisma in AF(19),, constructs & 4-(20,5,4) design.

TABLE XIV

01234 01378 012310 013611 013411
0131113 013614 013615 013519 0131117
013419 013819 0131019

A.36, A 4(20,8,30) Design.
Developing each of the thirty one 6-element subsets in Table XV with the
sntomorphisms in AF(19),, constructs & 4-(20,6,30) design.

TABLE XV
013101114 01361011 013678 012345 012378 013569
013459 013489 ¢123511 0123711 0134811 0136911

013101112 0123512 0134514 01451113 013101118 0134515
01231015 0136915 0134516 0136816 0136917 0123517
013101117 0123419 0134919 01381119 01361419 013111719
0136717
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A.17. 4—(21,6,)) Designs from PSL4{19).
Let G'; be the representation of PSL4{19),, generated by
(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18) (19) {00}
d

(0,19,1)(2,10,18){3,7,9) (4,15,;1)1(5,16,14) (8)(11,13,17)(12){c0)

A 4—(21,8,2) design for each A £{36,40,60} can he obtained by developing the 5
¢lement subsets in the appropriate table below with the _

TABLE XVE4-(21,6,36} design.

0123411 012357 0124511 01247co 01239.00

TABLE XVII:4-(21,6,40) design.

0123411 012345 012357 012479 0124700 01241100

TABLE XVIII:4-(21,6,60) design.

0123411 012347 012357 012479 0124511 01234co
0124700

A.18, 4—(23,5,)) Designs from AF(23).
A 4-—(23,5,)) design for each A €{2,4,5,6,7,8,9} can be obtained by developing
the 5-element subsets in the appropriate table below.

TABLE XIX:A 4-(23,5,2) design.

01378 013411 013512 0131213 014513 013520 012521

TABLE XX:A 4-(23,5.4) design.

01235 01346 01367 01358 013811
013412 013712 01311312 013313 013514
0131219 013617 0131518 013822

TABLE XXEA 4(23,5,5) design.

01356 01234 01358 01369 013811
012512 013412 013512 013712 013413
012313 013813 0131214 01371 012516
013617 013519 012520 0131221 0131021
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TABLE XXIT:A 4-(23,5,6) design.

01235 01346 01367 01358 013811
013412 013712 0131112 ©13813 013514
0131219 013617 0131518 013822

TABLE XXIIL:A 4-(23,5,7) design.

013566 01234 013486 01257 01358 01349

013710 012312 014511 013811 013412 013512
013712 0131215 0131213 012313 013813 013714
013515 012516 013617 013518 012520 0131221
0131021 013822 .013622

TABLE XXIV:A 4-(23,5,8) design.

01345 01235 01257 01347 01457 01369
01378 012311 013710 013612 013512 013812
013912 013413 014513 013813 0131214 013614
013744 013615 0131219 0131217 013616 013617
0131218 013519 0131518 013620

TABLE XXV:A 4-(23,5,9) design.

01368 01356 01234 01346 01358 013410
01369 01378 012311 013710 013411 014511
013612 012512 013412 0131213 012313 014513
0131214 013514 013814 013714 013515 0131219
0131217 0131216 013617 013521 0131220 01352
012520 012521 0131221 013822

A.19. A 4-(29,5,5) Design from AF(20)
Developing each of the thirty three 5-element subsets in Table XX VI with the
automorphisms in AF(13) constructs a 4-(29,5,5) design.

TABLE XXVI

01234 012386 01356 01258 01279 013410

013710 013610 012511 013411 012512 0131113

014513 012913 012316 014516 013517 012716

015616 014517 013618 0121318 013819 013522

0131128 0132122 013623 012724 0131125 013526
012526 013726 0131127
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A.20. 5—(24,k, A) Deaigns, k=6 and k=7, from PSL,(23).

Let G4p=<a,f> be the representation of PSL
jective line given by:

2(23) in. its action on the pro-

«={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22) (23)

£=(0,23,1){2,12,22)(3,16,11) (4,18,15)(5,10,17)(6,20,9)(7,14,19) (8,21,13)

Then 5~(24,k 2) designs for k=6 and k=7 and each admissible A can be obtained
from Gy by developing the orbit representatives given in the appropriate table

below

TABLE XXVIE A 5-(24,6,1) design.

012468 0123610 0124920

TABLE XXVII: A 5-{24,6,2) design.

012456 012478 0124713 0124017

TABLE XXIX: A 5-(24,6,3) design.

012468 0123410 0124911
0124712 0124617 0124913

TABLE XXX: A 5-(24,6,4) design.

012345 012468 G12478
0124910 0123610 0124613
0124616 01241417 01240717

TABLE XXXI: A 5(24,6,5) design.

012478 012459 0123410 0124911 0124612
0124712 0124617 0124918 01241417 0124922
TABLE XXXII: A 5-(24,6,6) design.

012345 012468 012478 012469 012:4910
0123610 0124612 0124713 0124614 0124918

01241417

0124917 0124618 012416138
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TABLE XXXIIE A 5(24,6,7) design.

012478 012459 012469 0123410 6123610
0124617 0124913 0124613 01241417 0124618
0124920 0124619 01241618 0124922

TABLE XXXIV: A 5(24,6,8) design.

012345 012468 012478 0124910 012489 0124911
0124611 0124612 0124712 0124914 0123417 0124918
01241417 0124917 0124618 01246190 01241618

TABLE XXXV: A 5-(24,6,9) design.

012468 012469 012489 0124612 0124914 0124913
0124713 0124614 0124616 0123417 0124918 01241417
0124917 0124619 01241618 0124922

TABLE XXXVI: A 5-(24,7,3) design.
012491113

TABLE XXXVIE A 5-(24,7,6) design.

0123479 0123489

TABLE XXXVIII: A 5-(24,7,9} design.

01234916 01246018 012491223

TABLE XXXIX: A 5-(24,7,12) design.

01246717 01247918 01245618 012491219

TABLE XL: A 5-(24,7,15) design.

01247917 01247922 01246721 01245922 012491223

TABLE XLE A 5-(24,7,18) design.

01246716 012491220 01234919
01245620 01247922 01245922
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TABLE XLII: A 5-(24,7,21) design.

01246716 01246717 01247919 01234918
01245620 012491219 0124901223

TABLE XLIIL: A 5-(24,7,24) design.

01234916 01247916 01247918 01245618
01246918 01234919 012491219 01245922

TABLE XLIV: A 5-(24,7,27) design.

01246716 01247916 01246717 01247919 01247918
01245618 01245620 012491219 01245922

TABLE XLV: A 5-(24,7,30) design.

01246716 01247916 01234917 01247918 01245618
01246918 012491219 01247921 01246721 01234923

TABLE XLVI: A 5-(24,7,33) design.

01247916 01247919 01246918 012361018 01245620
012491219 01245920 01247922 01247921 01234922
01246716

TABLE XLVH: A 5-(24,7,36) design.

01247916 01246717 01247917 012491220 012469018
01245620 012491219 01247922 01234022 012491223
01234916 012361018 ‘

TABLE XLVII: A 5-(24,7,39) design.

01247916 01247919 01234918 01234919 012361018
012461219 01247922 01247921 01246721 012491223
01246716 01245620 01234923
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