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Abstract

An (n, R)-covering sequence is a cyclic sequence whose consecutive n-tuples form a code
of length n and covering radius R. Using several construction methods improvements of the
upper bounds on the length of such sequences forn < 20 and 1 < R < 3, are obtained. The
definition is generalized in two directions. An (n, m, R)-covering sequence code is a set of
cyclic sequences of length m whose consecutive n-tuples form a code of length n and covering
radius R. The definition is also generalized to arrays in which the m x n sub-matrices form
a covering code with covering radius R. We prove that asymptotically there are covering
sequences that attain the sphere-covering bound up to a constant factor.

Keywords Covering codes - Covering sequences - Covering 2D-sequences - Hamming
codes - interleaving - folding

Mathematics Subject Classification 05B40

1 Introduction

An (n, R)-covering code C is a set of words of length n over a given alphabet X, of size g,
such that each word of length n over X, is within distance R from at least one codeword in
C. In other words, for each x € EZ, there exists ¢ € C such that d(x, c¢) < R, where d(y, z),
¥,z € X, denotes the Hamming distance between y and z. Covering code were always of
interest, but the interest increased due to the following three seminal papers [11, 12, 31].
The interest was also increased partially because of the connection of covering codes to data
compression. An excellent book that covers all aspects of such codes is [13].

Chung and Cooper [10] generalized the notion of an (n, R)-covering code of length n and
radius R to a cyclic sequence whose consecutive n-tuples form a covering code of length n
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and radius R. They called such a structure a de Bruijn covering code since n-tuples of a cyclic
sequence are considered and this sequence forms a cycle in the de Bruijn graph. However,
any cyclic sequence can be viewed as a cycle in the de Bruijn graph, and the sequence itself
has a very loose connection to the de Bruijn graph, although some of the constructions in
the paper use ingredients and concepts from the de Bruijn graph. Therefore, we prefer to
call such a sequence a covering sequence. This is a dual definition of what is known as a
robust sequence, i.e., a sequence whose consecutive n-tuples form an error-correcting code
of length n and minimum distance d. Such sequences as well as arrays have been considered
for example in [1, 7, 9, 32, 38, 41, 54, 55] and they have variety of applications.

All the discussion from Sect. 3 will be restricted to the binary alphabet and hence alphabet
size will rarely be mentioned. However, many of the ideas that will be presented can be
generalized quite easily to any alphabet size. An (n, R)-covering sequence (an (n, R)-CS
for short) is a cyclic sequence whose consecutive n-tuples form an (n, R)-covering code. This
structure was first defined and analyzed in [10]. To find the shortest (n, R)-CS, denoted by
L(n, R), we define two more related structures of cyclic sequence codes. A cyclic covering
sequence code contains sequences in which the consecutive n-tuples of all the sequences
form an (n, R)-covering code. Such codes will be discussed in our exposition.

In recent years many one-dimensional coding problems have been considered in the two-
dimensional framework due to modern applications. This is quite natural and has become
fashionable from both theoretical and practical points of view. Such generalizations were
considered for various structures such as error-correcting codes [2, 45], burst-correcting
codes [3, 6, 26, 27], constrained codes [46, 51], de Bruijn sequences [19, 21, 40, 43], M-
sequences where the two dimensional sequences are pseudo-random arrays [18, 39]. Other
structures designed for applications are robust self-location arrays with window property [7]
and structured-light patterns [42]. Therefore, it is very tempting to generalize the concept of
covering sequences into a two-dimensional framework and this is one of the targets of the
current work.

An (m xn, R)-covering 2D-sequence (an (m x n, R)-C2DS for short) is a doubly-periodic
M x N array (cyclic horizontally and vertically like a torus) over an alphabet of size ¢ such
that the set of all its m x n windows form a covering code with radius R.

While in the one-dimensional case we are interested in the (n, R)-CS of the shortest length,
in the two-dimensional case we are interested in the (m x n, R)-C2DS with the smallest area,
but the ratio between M and N can be important too.

Remark 1 1t is tempting to use the term “covering array” for the two-dimensional matrices,
but this term is already reserved to another combinatorial object associated with covering,
see [14, 15, 47] and references therein.

Our goals in this paper are to present construction methods for covering sequences, cover-
ing sequence codes, and covering 2D-sequences. Some of the constructions yield sequences
and codes that are almost optimal.

The rest of the paper is organized as follows. In Sect. 2, some basic results and important
known results on covering codes and covering sequences are presented. Section 3 is devoted
to cyclic covering sequence codes and the constructions of covering sequences from cyclic
covering sequence codes. In Sect. 4 a cyclic covering sequence code based on self-dual
sequences is presented. Based on this code a relatively short (2, 1)-CS whose length is within
factor of 1.25 from the sphere-covering bound is obtained. An interleaving construction to
obtain an (n, R)-CS from an (n1, R1)-CS and an (ny, R»)-CS, where n = n; + n, and
R = R; + R, is presented in Sect. 5. When n; = ny and R; = R; a better interleaving
construction is presented. A construction based on primitive polynomials, with a certain
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structure, is presented in Sect. 6. Section 7 is the only one devoted to covering 2D-sequences
and introduces two methods to generate such arrays: one is by folding a covering sequence
and the other is by making all possible shifts of a related covering sequence. These methods
are used to obtain upper bounds on the size of such arrays and to construct them. Finally,
conclusion and further problems for future research are presented in Sect. 8.

2 Preliminaries

The area of covering codes is very well established in information theory as a dual for error-
correcting codes. Bounds on the sizes of such codes were extensively studied, where the upper
bounds are either by constructions or using probabilistic methods to prove the existence of
some codes asymptotically. Lower bounds are usually obtained by analytic methods, but they
are usually not much better than the sphere-covering bound which is the most basic bound.

A ball of radius R around a word x of length n is the set of words whose distance is at
most R from x. The size of such ball denoted by V, (n, R) is

R
n .
\% = -,
(. R) Z (l.)(q )
i=0
Since the balls of radius R around the codewords of an (n, R)-covering code C contain the
whole space, it follows that a lower bound on the size of C is

n

q
Cl> ———.

This bound is the sphere-covering bound. There exists a covering code that approaches this
bound up to a factor roughly e R log R [37]. The proof method for this bound is probabilistic.
A similar bound for an (n, R)-CS over a prime power alphabet was presented in [10]. This
bound was generalized to any alphabet by Vu [53]. The bound states that for fixed R there

Vq(n,R)
This result of Vu [53] was generalized in our conference paper [8] where we proved the
following

exists an (n, R)-CS, over X, whose length is at most O ( log n)

Proposition 2 Let m, n be nonnegative integers. For any M > m, there exists an M x N
(m x n, R)-C2DS such that M - N = O (m (logm + log n)) for fixed ¢ and R.

The proof of Proposition 2 was presented in [8] using carefully the probabilistic method which
was also used in [53] and will not be proved here. The same existence proof can be obtained
by applying folding technique which will be presented in Sect. 7 on the one-dimensional
sequences which are known to exist by the asymptotic bound of [53].

For small R, there are some (n, R)-covering codes that attain the sphere-covering bound
with equality, such as the Hamming codes of length n = 2% — 1 and radius one. Other
codes are very close to the upper bound, such as the ones for R = 2 which are perfect
asymptotically [50, Construction 4.24] or other similar codes [22, 24]. Similarly, such sparse
covering codes were also considered for R = 3 [22, 24]. The main goal of the research on
(n, R)-CSs is to get as close as possible to the upper bounds obtained for covering codes.

One of our constructions will use a span n de Bruijn sequence over X,. This is a cyclic
sequence of length ¢", where each n-tuple over X, is contained in exactly one window of
consecutive digits in the sequence. Such sequences exist for all g > 2 andn > 1.
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Finally, one very trivial bound which was mentioned in [10] will be used in one of the
best known bounds (see Table 1).

Theorem 3 For any n, R > 1 we have that L(n, R) < L(n + 1, R).

3 Construction from a cyclic covering code

From this section, the discussion will be focused on binary alphabet, but some of the con-
structions can be adapted to nonbinary alphabet. This is especially true for this section where
all the results can be given also for codes over an arbitrary alphabets. Cyclic covering codes
are perhaps the most important ingredients in constructions of (n, R)-CSs, especially when
n and R are relatively small. They were considered in various papers, e.g. [16, 17, 33, 36].
There are two definitions for covering sequence codes.

An (n, m, R)-CS code (an (n, m, R)-CSC for short) C is a set of cyclic codewords of
length m such that each word of length n is within distance R from at least one n-tuple of a
codeword of C, i.e., the consecutive n-tuples of all the codewords form an (n, R)-covering
code.

An (n, R)-CS code (an (n, R)-CSC for short) C is a set of cyclic words of possibly different
lengths such that each word of length n is within distance R from at least one window of
length n in one of the sequences, i.e., the consecutive n-tuples of all the codewords form an
(n, R)-covering code.

The only distinction between the two types of codes is that in the first one of an (n, m, R)-
CSC, all codewords have the same length m and in the second one of an (n, R)-CSC
codewords can be of different lengths. The (n, R)-CS is a cyclic sequence and hence it
is a cyclic covering sequence code with one codeword.

The natural criteria to compare different (r, R)-CSCsis the total length of all the sequences
in each code. Another criteria for comparison between CSCs which is important in our
exposition is the length of the (r, R)-CS that can be constructed by combining the codewords
of each CSC. This process is done as follows.

The sequences of the code are combined by first concatenating the first n — 1 bits of each
sequence after its last bit. This converts a cyclic sequence to an acyclic sequence, where
both sequences have the same n-tuples. After the sequences become acyclic, we order the
sequences in a cyclic list, where two consecutive sequences in the list overlap such that the
suffix of the first sequence aligns with the prefix of the next sequence. The target is to have
the total overlaps (sum of the lengths of all the overlaps) as large as possible.

For this purpose, when we concatenate the suffix of length n — 1 after the last bit of the
codeword, we should try to do it for every cyclic shift of the codeword and ultimately use
the shifts that yield the largest total overlaps. Merging all the sequences together is done
following the order of the list, where each overlap is taken naturally only once. Finally, there
might be sequences in the code with periodicity. The periodicity should be eliminated either
within the code or in the final (n, R)-CS. This is demonstrated in the following example.

Example 4 The following eight codewords form a (9, 10, 1)-CSC C:

[1000010000], [0001001101], [1001111001], [1111010111],
[1010101010], [0101011000], [0110111001], [0111010000].

We extend each cyclic sequence by eight bits to obtain all the 9-tuples of the cyclic
sequences in acyclic sequences. We furthermore find the order of these eight sequences
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in a way that the total overlap between suffixes and prefixes of the consecutive sequences
(including the last sequence in the list and the first sequence in the list) will be large as
possible, where in this process all possible shifts of all the sequences are considered. The
obtained eight acyclic sequences of length 18 are as follows, where the overlap is written
after the sequence:

the sequence overlap
100001000010000100 6
000100110100010011
100111100110011110
111101011111110101
101010101010101010
010101100001010110
011011100101101110
011101000001110100

W W K W W

The total number of bits in the eight sequences is 144 and the total number of overlaps is
38. This yield a (9, 1)-CS of length 144 — 38 = 106 as follows:

[10000100001000010011010001001111001100111101011111110
10101010101010101100001010110111001011011101000001110]

However, the codeword [1000010000] of C is periodic and contains only five 9-tuples as
the cyclic sequence [10000]. Moreover, the codeword [1010101010] of C is also periodic and
it contains only two 9-tuples as the cyclic sequence [10]. Hence, they are redundant in the
code and in the final (9, 1)-CS. Therefore, we can eliminate the redundancy in the covering
sequence and obtain the following (9, 1)-CS of length 106 — 13 = 93:

[100001000010011010001001111001100111101011111110
101010101100001010110111001011011101000001110]

Introducing the codewords [10000] instead of [1000010000] and [10] instead of
[1010101010] in the code C yields a (9, 1)-CSC with 6 codewords of length 10, one codeword
of length 5, and one codeword of length 2.

This sequence of length 93 can be extended to a (9, 1)-CS of length 102 with 8 consecutive
ones which will be required later:

[100001000010011010001001111001100111101011111111011111110
101010101100001010110111001011011101000001110]

[}

Many of the shortest (n, R)-CSs for small n and R were found by computer search. For
this purpose we use the well-known problem of the Shortest Cyclic Superstring (SCS). This
problem is designed to find the shortest cyclic superstring, i.e. to find a short sequence as
possible which contains all the sequences of a given set S as subsequences. The acyclic
version of the SCS problem, which find the shortest superstring, has been extensively studied
in the literature. This problem has numerous applications in data compression [49] and
computational biology [29]. However, the problem is known to be NP-complete [28] and even
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APX-complete [4], indicating that polynomial-time approximation schemes with arbitrary
constant approximations are not to be expected.

Many greedy and approximation algorithms have been developed to tackle this problem,
and they have demonstrated numerical efficiency [34, 35, 48]. Furthermore, we note that any
solution for the acyclic SCS problem can also be considered a feasible solution for the cyclic
SCS problem. In our variant to the problem we built a complete directed graph which represent
all the sequences of the code C and their possible overlaps with all the other sequences that
follow them. For this purpose we use the well-known approximation algorithm for the set
cover problem [52, Chapter 2].

While comparing codes with codewords of different lengths is not trivial, it is much easier
to compare codes in which all codewords have the same length. Given two (1, m, R)-CSCs,
it is obvious that the code with a smaller number of codewords will be considered better.
Given two codes, Cy an (n, my, R)-CSC and C; an (n, m», R)-CSC where the total length of
the codewords is smaller in C; and m| > my, then C; is considered superior to C;. However,
if the total length of the codewords in C; is smaller and m; < m3, then the two codes are
incomparable. Nevertheless, there should be some tradeoff between the two parameters. We
demonstrate these concepts for a length n = 2% — 1 in this section and for a length n = 2¥
in Sect. 4.

For alength n = 2 — 1 we consider the Hamming code C. The Hamming code C of length
2% — 1 can be represented as a cyclic covering code that contains 22" k=1 codewords. If ¢
is a codeword in C then all the cyclic shifts of ¢ are also codewords in C. Each codeword of
C has d distinct cyclic shifts, where d is a divisor of n. For example, the all-zero word is a
codeword and it has one distinct cyclic shift. From the set of d distinct cyclic shifts only one
is considered in the code.

Example5 For n = 15, we consider the cyclic Hamming code of length 15. It has 134
codewords of length 15, 6 codewords of length 5, 2 codewords of length 3, and 2 codewords
of length 1. Together, these 144 codewords contain 2048 words of length 15 which form
the Hamming code of length 15. They are merged to form a (15, 1)-CS of length 3516 (see
Appendix C) compared to a lower bound 2048 obtained by the sphere-covering bound. 0O

. . k
In general, the Hamming code C contains 22" ~¥~! codewords. There are at most

dln, d<n

cyclic words that contain less than n distinct cyclic shifts (see [20, p. 105, Lemma 3.20]).

Thus, the (2" — 1,2k, 1)-CSC code contains much less than zzzkk_fl_
and hence asymptotically it is an optimal CSC.

We can make a more precise computation when n = 2F — 1 is a prime. In this case only
two codewords, the all-zero codeword and the all-one codeword, have less than n distinct

kg
shifts. Therefore, the number of codewords in the (2" —1,2F—1, 1)-CSC is % + 2.

To obtain a (2K — 1, 1)-CS we have to add to each sequence at most 2k _ 2 bits to convert it
to acyclic sequence which contains all its words of length 2¢ — 1. The (2 — 1, 1)-CS that is

L4227 codewords

k . C . . .
generated has length shorter than 22 —* i.e., within factor of at most 2 from optimality.
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4 Construction from self-dual sequences

In this section, we continue with the construction of cyclic codes as presented in Sect. 3 by
using a specific family of sequences called self-dual sequences. A self-dual sequence is a
cyclic sequence S whose complement S is the same sequence as S after another shift. The
construction will be described for n that it is a power of two, but it can be described to other
values of n. For a given word of length n we are interested in self-dual sequences of length
2n. Such sequences are of the form [ X X1, where X is a sequence of length n and [X X1 has
no periodicity since its length is a power of 2.

The construction for self-dual sequences starts with a (n, 2n, 1)-CSC C, where n = 2k
(with 22 —k=2 n-tuples), in which for each n-tuple U of a codeword in C there exists exactly
one other n-tuple V of a codeword in C such that d(U, V) = 1. For this purpose, the code
C will be designed in such a way that if [X X1 is a codeword in C, then there exists exactly
one codeword [Y, Y] in C such that d(X, Y) = 1. This immediately implies the following
observation proved also in [5].

Lemma 6 The n-tuples in the codeword of C form an (n, 1)-covering code C for which each
codeword c € C there exists exactly one other codeword ¢’ € C such that d(c,c’) = 1.

Now, we are in a position to present a construction for an (n, 1)-CS based on self-dual
sequences of length 2n.

Construction 1 Let C, be an (n, 21, 1)-CSC code, n = 2%, with 22 =21 sequences, all of
them are self-dual. Moreover, if ¢ € C then there exists a shift [X X] of ¢ for which C has
exactly one other codeword [X’ X'], where X’ differs from X only in the last coordinate.

Let &, be the set of all 22 even-weight words in I} that start with a zero. Let C, be the
code with self-dual sequences of length 4n defined by

Con 2{lUU+XUU+X]:UE€E, [XX]eC,
where the basis is
Cs = [0001101111100100], [0001101011100101]

[m}

The computation of the sizes of the codes and the correctness of the details can be found
in [5], where the following result was proved.

Theorem 7 The code Ca,, n = 2%, of Construction 1 is an (2n, 4n, 1)-CSC with 2! -2k=3
codewords which are self-dual sequences of length 2%*1 If a codeword is in Cay, then it has
the form [X X and [X' X'] is another codeword in Ca,.

Remark 8 Construction 1 is very similar to the constructions presented in [23, 25]. The
construction based on self-dual sequences was found by one of the authors and was motivated
by the introduction of nearly-perfect covering codes [5]. It was first introduced for the earlier
conference version of this paper [8].

From the two codewords of Cg, we can form the optimal (8, 1)-CS of length 32

[0001101111100100 0001101011100101] .
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Construction 1 is applied on Cg to obtain a (16, 32, 1)-CSC with 128 codewords of length
32. These 128 codewords are partitioned into 64 pairs of the form

[X X] and [X' X'].

Each pair is combined into one sequence of length 64 that contains all the 16-tuples of the
original two codewords of length 32. Hence, this code is an optimal (16, 64, 1)-CSC of
length 64 with 64 codewords. Trivially, each sequence can be extended with its first 15 bits
to an acyclic sequence of length 64 + 15 = 79. In other words, these 64 sequences can be
concatenated to form a (16, 1)-CS of length 64 - (64 4 15) = 5056. However, we can merge
these sequences with overlaps between the suffixes and the prefixes of the sequences and
obtain a (16, 1)-CS of length 4462 (see Appendix D), where the known lower bound, for a
(16, 1)-covering code, is 4096. The same idea can be applied recursively on the 64 pairs of
sequences of length 32 to obtain an upper bound on the shortest length of a (2%, 1)-CS.

Forn = 2K, k > 2, we obtain a (2F, 282 1)-CSC of length 2542 with 22¢-2k-2 code-
words. This code is optimal as the total length of the codewords is the same as the number
of codewords in an optimal (2%, 1)-covering code.

Without considering any overlap we can merge these 22 -2%-2 sequences, whose length
is 2k+2 4 2k — 1 (the n — 1 prefix is concatenated after the last bit of each sequence) as an
acyclic sequence, to obtain a (2%, 1)-CS of length 22](_21‘_2(2]‘+2 + 2K — 1). We can also
compute some overlaps between the prefixes and the suffixes of these sequences; however,
we omit this computation due to its complexity. The number of codewords in an optimal
(2%, 1)-covering code is K = 22](”‘, so this sequence has a length of less than 1.25K, i.e.,
within factor of at most 1.25 from optimality.

5 Interleaving of covering sequences

Interleaving is probably the most simple method to construct (n, R)-CSs with a large length
and a large covering radius from two or more covering sequences of smaller length and a
smaller covering radius. When two covering sequences participate in the construction, one
is an (n1, R1)-CS of length k; and the other is an (n2, Ry)-covering sequence of length &,
where ny < n; < ny + 1 and ged(ky, k2) = 1. From these two covering sequences we
generate an (n] + n2, Ry + R»)-CS of length 2k k>.

Construction2 Let A = [ag, ay, ..., ak—1] be an (ny, R)-CS and B = [bg, b1, ..., bszl]
be an (n3, Ry)-CS and assume further thatn; = ny orn; = ny + 1 and ged(ky, k2) = 1. The

interleaving of A and B, is the sequence S = [so, S1, ..., S2k;k,—1] Of length 2k k, defined
by so = ao, s1 = bg, s = ay, s3 = by, and in general s5; = a;, where i is taken modulo &
and sp;+1 = b;, where i is taken modulo k7, for 0 <i < k1ky — 1. m]

Theorem 9 [fny = ny or ny = ny + 1, then the sequence S defined in Construction 2 is an
(n1 + n2, Ry + R)-CS of length 2k k.

Proof First note that since gcd(ky, k) = 1, it follows that foreachi and j,0 <i < k; — 1,
0 <j <ky—lthestringa;b;jaj;1bjy1---aitn;Djin,aditn,+1, Where indices of A are taken
modulo k; and indices of B are taken modulo k2, is a subsequence in S. This also implies
that the length of the sequence is 2k1k>. We distinguish between the two cases of n| = np
andn; =ny + 1.

Case 1 If ny = ny = n, then consider a word (a1, 1, @2, B2, ..., &, Bn). Since A is an
(n, R1)-CSand Bisan (n, Ry)-CS, it follows that there exists a subsequence a;d;+1 - - - @jyn—1
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of A whose distance from oy, &, ..., o, is at most Ry and there exists a subsequence
bibji1---bjyy—1 of B whose distance from By, B2, ..., B, is at most R;. Therefore, the
subsequence of S, a;bja;1bj11 - - ajtn—1bj1n—1 is within distance at most Ry + R, from
(a1, B1, o2, B2, - - . ans Br)-

Case2Ifn; = ny+1,thenconsideraword (o1, B1, o2, B2, .., Qny—15 Bra—1, Qnys Py Ay )-
Since we have that Ais an (n1, R1)-CS and B is an (13, Ry)-CS, it follows that there exists a
subsequence a;a; 41 - - - Gj4n,—1 of A whose distance from 1, o2, . . ., ot is at most Ry and
there exists a subsequence bjbji1 - --bjin,—1 of B whose distance from By, B2, ..., By, is
at most Ry. Therefore, the subsequence of S, a;jb;jaj41bj 1 Qitny—1Dj4n,—1Gign,—1 18
within distance at most Ry + Ry from the word (a1, B1, a2, B2, ..., Quys Puy, Ony)- O

Example 10 The following (n, R)-CSs were obtained by using Construction 2 on two shorter
covering sequences which are either trivial or presented in Appendix A or in Appendix B.

Consider the (9, 0)-CS of length 512 and a (9, 1)-CS length 93. Interleaving these two
sequences using Construction 2 yields a (18, 1)-CS of length 2 - 512 - 93 = 95232.

Consider the (10, 0)-CS of length 1024 and a (10, 1)-CS length 175. Interleaving these
two sequences using Construction 2 yields a (20, 1)-CS of length 2 - 1024 - 175 = 358400.

Consider an (8, 1)-CS of length 32 and a (9, 1)-CS length 93. Interleaving these two
sequences using Construction 2 yields a (17, 2)-CS of length 2 - 32 - 93 = 5952.

Consider an (8, 1)-CS of length 37 and an (8, 2)-CS length 14. Interleaving these two
sequences using Construction 2 yields a (16, 3)-CS of length 2 - 37 - 14 = 1036.

Consider an (8, 1)-CS of length 37 and a (9, 2)-CS length 20. Interleaving these two
sequences using Construction 2 yields a (17, 3)-CS of length 2 - 37 - 20 = 1480.

Consider a (9, 1)-CS of length 93 and a (9, 2)-CS length 20. Interleaving these two
sequences using Construction 2 yields a (18, 3)-CS of length 2 - 93 - 20 = 3720.

Consider a (9, 1)-CS of length 93 and a (10, 2)-CS length 38. Interleaving these two
sequences using Construction 2 yields a (19, 3)-CS of length 2 - 93 - 38 = 7068.

Consider a (10, 1)-CS of length 175 and a (10, 2)-CS length 38. Interleaving these two
sequences using Construction 2 yields a (20, 3)-CS of length 2 - 175 - 38 = 13300. O

Construction 2 can be generalized to three or more sequences. When ¢ sequences are
interleaved the requirement is that each sequence is an (n;, R;)-CS of length k;, 1 <i <1,
where ged(k;, kj) = 1,1 <i < j <t,andn < n; < n+1 for some positive integer n. From
these t sequences we generate an (Y ;_, n;, Y+, Ri)-CS sequence of length £ = ¢ [[}_, ki,
[sos1 --+ s¢—1], where s,, r = j (mod 1), 1 < j < t, is a bit from the j-th sequence.
Unfortunately, the factor ¢ in the length of the sequence makes this construction quite weak
for t > 2 and also for t+ = 2 (see Construction 2) it is not too effective, but some of our
best (n, R)-CSs forn < 20 and 1 < R < 3 are obtained by this construction. Fortunately,
we can get rid of the factor 2 when ¢ = 2 and n; = n, at the expense of some extra small
redundancy as follows.

Construction3 Let A = [ag, ay,...,ar—1] be an (n, R)-CS in whicha; = 0 for0 < i <
n —2,1.e., A has a subsequence with n — 1 consecutive zeros (the same can be applied for
the ones). If k is even then form the following sequence S presented in k/2 parts. The first
part is

apaparay -+ ap—iax—1ao0 .

The second part is
ayapazay --- ag—1ax—2doai—1a10 .
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The i-th part, 1 <i <k/2,is
aj—1a0a;a1a;i+1a -+ aj—2ar—1a;—10 .

These k /2 parts, each one of length 2k + 2, are concatenated together, in their order, to the
final sequence S.
If k is odd, then form the same parts, where the last one is for i = kzil ]

Theorem 11 The sequence S defined in Construction 3 is an (2n, 2R)-CS of length k(k + 1)
if k is even and (k + 1)? if k is odd.

Proof The proof is essentially as the one of Theorem 9. The main difference is that the two
sequences .4 and 5 in Construction 2 is replaced with only one sequence in Theorem 9. The
sequence B is replaced by A to which a zero is concatenated at the end. All the associated
shifts between the different positions of the sequence are guaranteed by the different parts.
The 0 at the end of each part makes sure that we will move to another shift of A. It does not
destroy any n-tuples since it can be considered as adding another zero to the run of n — 1
zeros in one of the interleaved sequences which does not damage any of the covered words
of length n. O

Example 12 The following (n, 2)-CSs were obtained by using Construction 3.

Consider a (8, 1)-CS of length 40 with a subsequence of 7 consecutive zeros apply Con-
struction 3 to obtain a (16, 2)-CS of length 40 - 41 = 1640.

Consider a (9, 1)-CS of length 102 with a subsequence of 8 consecutive ones apply
Construction 3 to obtain an (18, 2)-CS of length 102 - 103 = 10506.

Consider a (10, 1)-CS of length 177 with a subsequence of 9 consecutive zeros apply
Construction 3 to obtain a (20, 2)-CS of length 178 - 178 = 31684. O

6 A construction from primitive polynomials

A construction based on a specific type of primitive polynomials usually does not generate
a very short sequence. However, one of our specific bounds (see Table 1) comes from such
a sequence. Shift-register sequences and especially those which are produced by a linear
function or a modification of such function are very useful for various applications and for
constructing of other related combinatorial structures [20, 30]. The same approach is taken
in this section. Of special interest are binary sequences generated by a linear function and
whose length is 2" — 1. These sequences are called M-sequences (for maximal length) and
their function is derived from a coefficient of a primitive polynomial.

Let c(x) = Z?zocixi, where ¢, = cyp = landc¢; € {0,1} forl <i <n —1, be an

irreducible polynomial. Define the following infinite sequence ay, a1, az, . . ., where
n
ay = Zciak_i (1)
i=1
with the initial nonzero n-tuple (a_,, a—_,+1,...,a—1). If ¢(x) is a primitive polynomial,

i.e., a polynomial whose roots have order 2" — 1, then the sequence A = [ag, a1, a2, .. .] is
called an M-sequence, its period is period 2" — 1, and hence only its first 2" — 1 terms are
considered. In this cyclic sequence each nonzero n-tuple appears exactly once as a window
of length n. Each root of the primitive polynomial generates the field GF(2"), i.e., it is a
primitive element of the field. The 2" — 1 consecutive cyclic shifts of A can be viewed as
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another isomorphic representation of the field, These details are well-explained in these two
books [20, 30].
Consider now another recursion for a sequence defined by

n

b=y cibii+1 )

i=1

with the initial nonzero n-tuple (b_p,, b_p+1, ..., b_1).
Lemma 13 The sum Y ;_, c; is an even integer.

Proof This follows from the fact that after n consecutive ones we should have a zero in such
a sequence. Another argument is that if ) 7_, ¢; is an odd integer, then ) ;_y¢; =0, lisa
root of ¢(x) and hence c(x) is not a primitive polynomial. ]

Lemma 14 The sequence B = (by, by, by, . ..) is the binary complement of the sequence A.

Proof Leta = (@j,ajq1,...,aj+n—1) be an n-tuple in the sequence A. By Eq. (1) we have
that
n
Aj+n = Zciaj+n—i~
i=1
Letb £ (bj,bjty1,...,bj1n—1) be an n-tuple in the sequence B, where b; = a; + 1, for

j <i<j+n-—1,ie.,b=a.Therefore, we have that
n n n n
bjyn = Zcibj+n—i +1= Zci(aj+n—i +DH+1= Zciaj+n—i + ZC[ +1
i=1 i=1 i=1 i=1

n
= Zciaﬁnﬂ' +1l=aj, +1
i=1

This implies that the sequence B is the binary complement of the sequence .A. O

Corollary 15 The recursion of Eq. (1) generates the sequence A and the all-zero sequence.
The recursion of Eq. (2) generates the sequence B = A and the all-one sequence.

Lemma 16 Letc(x) = Y i, cixt be a primitive polynomial for which ¢; = 0 for 1 <i <
2R + 1 and consider the sequences A, B, the all-zeros sequence and the all-ones sequence.
The code that contains these four sequences is an (n +2R + 1, R)-CSC.

Proof Let X be any given n-tuple. Since the first 2R + 1 ¢;s (except for cp) are zeros, it
follows that the last 2R + 1 elements of X are not influencing the result of the next bit
for both recursions and hence the addition of the 1 in the sequence B implies that the next
2R + 1 bits after X in .4 and B will be complementing. This implies that Xz1z2 -+ Z2r+1
is in the ball of radius R either by an (n + 2R + 1)-tuple of A that starts with X or by an
(n + 2R + 1)-tuple of B that starts with X. ]

The number of sequences of the code defined in Lemma 16 is four and they can be
efficiently concatenated to one (n + 2R + 1, R)-CS.

Theorem 17 The four sequences of the (n + 2R + 1, R)-CSC can be combined to a (n +
2R + 1, R)-CS of length 21 4+ 2n + 8R + 2.
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the shorest On 7y CS or R=1 R=2 R=3
9<n<20and R=1,2,3 9 62-932 H0b 12b
10 107-175% 38b 16°
11 180-2832 38-1112 20b
12 342-5972 62-1612 34-40P
13 598-1172% 97-2922 34-932
14 117222712 159-5254 44-239¢
15 2048-3516° 310-9072 70-406%
16 4096-4462F 512-1640° 115-10364
17 7419-17719° 859-59524 187-14804
18 14564-952324 1702-10506° 316-37204
19 26309-1761708 2898-31684h 513-70684
20 52618-3584004 5330-31684¢ 892-133004

a—Computer search, b—Chung and Cooper [10], c—Construction 3,
d—Construction 2, e—from the Hamming code, f—from self-dual
sequences, g—from primitive polynomial, h—Theorem 3

Proof The span n M-sequence .4 has length 2" — 1 and the same length has the sequence B.
The sequence A has a subsequence of n — 1 consecutive zeros and hence it can be combined
with the all-zero sequence to an acyclic sequence of length 2" + n + 4R + 1. The same can
be done for the sequence 5 and the all-one sequence and the two sequences can be combined
with no overlaps to an (n + 2R + 1, R)-CS of length 2"+ + 21 + 8R + 2. O

Remark 18 The sequences generated in Theorem 17 can be combined with some overlap
to reduce its length, but this will make only a very small improvement in the length of the
covering sequence. It should be noted the required primitive polynomials exist for relative
small n and larger one.

Finally, in Table 1 the current best lower and upper bounds on L£(n, R) are presented,
where the lower bounds are either by computer search for very small n or the known lower
bound on the smallest size of an (n, R)-covering code.

7 Folding of a covering sequence into a 2D-sequence

After we have looked at covering sequences and covering sequence codes we continue with a
generalization of the one-dimensional framework into two-dimensional arrays. The ultimate
goal is to construct an M x N array A in which for each m x n matrix 3 there exists anm x n
submatrix X of A such that d(B, X) < R. Two techniques will be presented in this section.
The first one is a folding technique and the second one involves different related shifts of a
one-dimensional covering sequence.

For the first technique, folding, we will use the following simple lemma that was already
observed in [10].

Lemma 19 If there exists an (n, R)-CS of length k, then there exists an (n, R)-CS sequence
of lengthk +n — 1 + € for any € > Q.
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Proof 1If the (n, R)-CS S starts at a certain position, then we can append to S the first n — 1
bits and any € bits after that to keep it an (n, R)-CS. O

Construction 4 Start with an (mn, R)-CS S = so, 51, ..., Sx—1 of length k, where without
loss of generality & is divisible by n (see Lemma 19, where 0 < € < n — 1). The sequence
S is folded row by row into an M x n array A, where M = % The array is extended into an
M x (2n — 1) array A’ by adding to each row of the M x n array A the next n — 1 symbols
from S associated with the given row. In other words, the j-th row of the array A’, where
0 <j <% — 1, is defined by

Sjn+15Sjn+25 -+ 5 Sjntns> Sjn+n+1s -+ -5 Sjn4+2n—1, 3)
where the indices are taken modulo k. ]

Before proving that A" generated in Construction 4 is an (m x n, R)-C2DS we will prove
one property of the array A’

Lemma 20 The array A’ generated in Construction 4 contains the m x n subarray

Sjn-i Sjn+i+1 T Sjn+i+n—1
SG+Dn+i SG+Dn+i+l 00 S+ Dntitn—1
S(j+m—Dn+i S(j+m—Dn+i+1 *** S(j+m—Dn+i+n—1>

where0 <i <n—10<j < % — 1, and indices are taken modulo k.

Proof This is an immediate consequence of Eq. (3) which defines the j-th row of the array
A o

Corollary 21 Each m x n matrix obtained by folding mn consecutive bits of S, row by row,
is contained as an m x n subarray of A'.

Theorem 22 The array A’ generated in Construction 4 is an (m x n, R)-C2DS.

Proof Given an m x n matrix B we have to show that there exists an m x n subarray X
of A’ such that d(B, X) < R. Let X1, X5, ..., X,, be the m consecutive rows of B and let
T = X1 X3 --- X,, the sequence of length mn obtained by concatenating them. The sequence
T has length nm and hence there exists a subsequence ) in S such that d(7,)) < R. By
Corollary 21 the m x n matrix )’ obtained by folding ) into an m x n matrix is contained
in A'. Since d(7, Y) < R it follows that d(B, )') < R which completes the proof. 0

Construction 4 implies the following consequence.

Theorem 23 [f there exists an (mn, R)-CS of length k, where n divides k, then there exists a
(m x n, R)-C2DS of size M x N, where M = % and N =2n — 1.

If there exists an (mn, R)-CS of length k, where n does not divide k, then there exists an
(m x n, R)-C2DS of size M x N, where N = 2n — 1 and % <M< (ﬂ + m.

The main disadvantage of Construction 4 is that the width of the array N = 2n — 1 is not
large enough compared to the width of the window n. Next, we will be interested in starting
with an (mn, R)-CS sequence S = [so, s1, 52, - .., Sk—1] and constructan M x N (m xn, R)-
C2DS for which M will be considerably larger than m and N considerably larger than n and
the ratio % should be as small as possible (i.e., with as little redundancy as possible). There
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are a few ways to construct such an array using the same principles as in Construction 4. The
sequence is partitioned into r subsequences which form an (mn, R)-CSC. The r sequences
should be of the same length « which is divisible by n. From each sequence we create an
M x (2n — 1) array and we concatenate these r arrays into one M x (2nr —r) array which is a
(m x n, R)-C2DS. The specific details are omitted as they are the same as in Construction 4.

The folding construction is very simple and asymptotically, it yields optimal (m x n, R)-
C2DS if the (mn, R)-CS is asymptotically optimal. As we mentioned, Proposition 2 can be
obtained by using the folding construction, along with the covering sequence whose existence
was proved by Vu [53]. The length of this (mn, R)-CS is close up to a factor of log mn from
the sphere-covering bound.

It is natural to think that an (mn, R)-CS of length ky, will have a smaller length than the
area of an (m x n, R)-C2DS with dimension M x N,i.e.,k; < M - N.Thisis indeed the case
when folding is applied, M - N is about twice as large as k;. However, we provide one more
construction for covering 2D-sequences from covering sequences, whose outcome is quite
surprising as it produces smaller arrays (in area) than the length of the ones obtained by folding
the related sequence. Moreover, sometimes it yields an array whose area is smaller than the
associated best known covering sequence. This second technique is done by considering
different shifts of an one-dimensional (n, R)-CS. It will be presented in two constructions,
where the first one is very simple.

Construction 5 Let S be an (n, R)-CS of length k.
If k is even, then form an (k + 1) x k array whose i-throw, 0 <i <k —1is E’ S, where
Jj =240t E’/Sisacyclic shift of S by j positions to the left, i.e.,

E/[s0, 51, ... Sk—11 =[S, Sj41s s Sk=1,50, - - -, Sj—1],

and the k-th row is the same as the (k — 1)th row.
If k is odd, then form an k x k array whose i-th row, where 0 < i < k — 1 is E/S,

Theorem 24 [fniseven, thenthe (k1) xk array obtained in Construction Sisan (2xn, 2R)-
C2DS. If n is odd, then the k x k array obtained in Construction 5 is an (2 x n, 2R)-C2DS.

Proof Let A ak x k array obtained in Construction 5 and let B a 2 x n matrix that consists
of two sequences (rows) of length n, the first one X and the second one Y. Each row of A is
the sequence S at some shift, where the sequence S of the i-th row, 1 <i <k, is shifted by
i positions to the left compared to the sequence in the (i — 1)-th row. The 0-th row is taken
without shifting.

Assume first that k is even. Since S is an (n, R)-CS, it follows that there exists a subse-
quence U of length n in S such the d(X, U) < R and a subsequence V of length n in S
such that d(Y, V) < R. Since § is an (n, R)-CS and all possible shifts are taken between
consecutive rows, it follows that in two consecutive rows of .4 we have the subsequence U
and V one on top of the other, i.e., a 2 x n matrix W such that d(W, B) < 2R. Thus, the
(k + 1) x k array obtained in Construction 5 is an (2 x n, 2R)-C2DS.

When £ is odd the proof is similar, but we have to notice that since Zf-‘zl i =0 (mod k),
it follows that the O-th row is without any shift compared to the last row and hence one less
row is required. O

Example 25 Consider the (6, 1)-CS of length 12 presented in Appendix A. By applying the
defined shifts of Construction 5 on this sequence which is the first row in the array we obtain
al3 x 12 (2 x 6,2)-C2DS whose area is 156. The best associated (12, 2)-CS that we find is
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based on computer search has length 161 (see Appendix B). The generated 13 x 12 (2 x 6, 2)-
C2DS whose area is 156 which smaller than the related (12, 2)-CS of length 161 that was
found by computer search. It is the following array:

000100111011
001001110110
100111011000
111011000100
110001001110
100111011000
0110001001171
0011101100¢O01
000100111011
0110001001171
110110001001
111011000100
111011000100

[m}

Example 26 Consider the (7, 1)-CS of length 22 presented in Appendix A. By applying the
defined shifts of Construction 5 on this sequence which is the first row in the array, we obtain
a23 x 22 (2 x 7,2)-C2DS whose area 506. The best related (14, 2)-CS that we found is
based on computer search has length 525 (see Appendix B). O

Finally, Construction 5 can be generalized as follows.

Construction 6 Let S be an (n, R)-CS of length k and let 7 = [#1, 12, . .., f;m—1] be a span
m — 1 de Bruijn sequence over X;. We form the following k" ~! x k array A, where the
sequence S inthe i-throwof A, 1 <i < k™1 ig shifted t; positions related to the sequence
S in the (i — 1)-th row, where the 0-th row is considered to be with no shift. ]

Theorem 27 The k™~ x k array A of Construction 6 is an (m x n, mR)-C2DS.

Proof The proof is very similar to the one of Theorem 24. First note that the sum of all the
shifts is zero and hence the virtual O-th row can be considered to be with no shifts. For any
m x n matrix 13 we have to find an m x n window X in A such that d(B, W) < mR. Let
Bi, By, ..., By, be the m consecutive rows of 5. Each B; has length n and hence there exists
a subsequence X; of length n in S such that d(B;, X;) < R. Let (i1, i2,...,im—1) be the
m — 1 consecutive shifts of S such that these m copies of S placed on each other contain B
as a window. Since (i1, i2, ..., in—1) is an (m — 1)-tuple over Zy and 7 is a spanm — 1 de
Bruijn sequence over Z; which implies that (i, i2, ..., i,;—1) is contained in 7, it follows
that the associated shifts of S are contained in m consecutive rows of A. These shifts contain
an m x n window X whose consecutive rows are X, X», ..., X;;. Since d(X;, B;) < R, it
follows that d(B, X) < mR.

Thus, the k" ~! x k array A of Construction 6 is an (m x n, mR)-C2DS. o

8 Conclusion and future research

Covering sequences and covering sequence codes which generalize the well-known cover-
ing codes, were considered. Some new construction methods for such covering sequences as
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well as covering sequence codes were presented. In particular, nearly optimal and asymptot-
ically optimal sequences and codes were obtained using the Hamming codes and self-dual
sequences. Finally, generalization for covering 2D-sequences was also discussed and related
constructions were given.

This area is far from being fully explored and we conclude with the following problems

for future research.

(1)

2

3)

“)
&)
(6)

The current work and also all the previous papers that considered this topic, have concen-
trating on the upper bounds of (n, R)-CSs. The lower bounds mentioned in this paper are
either the ones used for (n, R)-covering codes or obtained by computer search. We would
like to see improvements in these lower bounds and not just by one or two (something
which is not difficult to do).

Many of the upper bounds used in Table 1 are quite weak as Construction 2 is used and we
do not have for these parameters a stronger construction like Construction 3. We would
like to see some new constructions that will make the table more balanced. Similarly, we
want to see upper bounds on the sizes of covering sequence codes.

The (2% — 1, 1)-CS and the (2%, 1)-CS introduced in Sects. 3 and 4 are the best covering
sequences obtained for small radii. We would like to have a more precise computation
on the length of these sequences. We would also like to see similar sequences for radius
2 and radius 3. The Preparata code used to obtain covering codes for radii 2 and 3 [22,
24] might be the ones to use for this purpose.

We would like to see more constructions as well as lower bounds on the size of covering
2D-sequences.

We would like to see a more comprehensive study on covering sequence codes, mainly
(n, m, R)-CSCs, as the current work is mainly on covering sequences.

In the same way that covering codes are defined on other metrics, different from the
Hamming that was discussed in the paper, covering sequences can be defined for these
metrics. For example, it would be interesting to have such short sequences for various
poset spaces.

Recently, Rosin [44] developed a heuristic method to search for combinatorial structures.

His search found many new such structures including some better covering sequences.

Appendix A Very small (n, R)-CSs used for other bounds

An (8, 1)-CS sequence of length 32 - [00011011111001000001101011100101].

An (8, 1)-CS sequence of length 35 - [00010110110111000010001111011101001].
An (8, 1)-CS sequence of length 37 - [0001101111100100000110101110011100101].
An (8, 1)-CS sequence of length 40 (with 7 consecutive zeros) -

[0001101111100100000001000001101011100101].

An (8, 2)-CS sequence of length 14 - [00111011010010].
An (9, 2)-CS sequence of length 20 - [00010010001110110111].

Appendix B Small (n, R)-CSs

The following thirteen codewords form a (10, 11, 1)-CSC:

a

[00001010000], [00101001011], [10100101111],[10110111001], [11011101111],
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[11011101111],[01110111100], [11110010011], [11110010000], [11001000101],
[00100011000], [01000110101], [10001101001], [00011010000] .

Their extension by nine bits and their associated overlaps are as follows:

00001010000000010100 7 01110111100011101111 4 01000110101010001101
00101001011001010010 7 11110010011111100100 9 10001101001100011010
10100101111101001011 4 11110010000111100100 7 00011010000000110100
10110111001101101110 7 11001000101110010001 7
11orr1orr11110111011 - 7 00100011000001000110 8

=)

The total number of bits in the thirteen sequences is 260 and the total number of overlaps

is 85. This yields a (10, 1)-CS of length 260 — 85 = 175:

[00001010000000010100101100101001011111010010
11011100110110111011111101110111100011101111
00100111111001000011110010001011100100011000
0010001101010100011010011000110100000001101] .

The following thirteen codewords form a (10, 11, 1)-CSC:

[11010111111],[01011110000], [10111100101], [11100110011], [11001100001]
[00110001101], [10001101100], [11011010101], [01101010010], [10101000011],
[10000010010], [00000100000], [00001000101] .

Their extension by nine bits and their associated overlaps are as follows:

11010111111110101111 7 00110001101001100011 6 10000010010100000100
01011110000010111100 8 10001101100100011011 5 00000100000000001000
10111100101101111001 6 11011010101110110101 7 00001000101000010001
11100110011111001100 8 01101010010011010100 7
11001100001110011000 7 10101000011101010000 5

The total number of bits in the thirteen sequences is 260 and the total number of overlaps
is 83. This yields a (10, 1)-CS of length 260 — 83 = 177 with a subsequence having 10

consecutive zeros:

[11010111111110101111000001011110010110111100
11001111100110000111001100011010011000110110
01000110110101011101101010010011010100001110
101000001001010000010000000000100010100001000] .

The following twenty codewords form a (11, 11, 1)-CSC:

[00111011011], [01110110100], [10110101100], [10101100010], [10001001011],
[10001001010], [01010100111], [01010011010], [01001101110], [10111111110],
[10111111111],[11111111001], [11111000010], [11100001100], [00011011001],
[01100000000], [00000010000], [00001000001], [00000111101], [00011110011].

Their extension by ten bits and their associated overlaps are as follows:

@ Springer



5462

Y.Chee et al.

001110110110011101101
011101101000111011010
101101011001011010110
101011000101010110001
100010010111000100101
100010010101000100101
010101001110101010011

0 A = L O

(=}

010100110100101001101
010011011100100110111
1011111111010 1111111
101111111111011111111
I11111110011111111100
111110000101111100001
111000011001110000110

O 0 00 = L o

(=]

000110110010001101100
011000000000110000000
000000100000000001000
000010000010000100000
000001111010000011110
000111100110001111001

W 0 Lo N W

The total number of bits in the twenty sequences is 420 and the total number of overlaps
is 137. This yields a (11, 1)-CS of length 420 — 137 = 283:

[00111011011001110110100011101101011001011010110001010101

10001001011100010010101000100101010011101010100110100101
00110111001001101111111101011111111110111111110011111111
10000101111100001100111000011011001000110110000000001100
00000100000000001000001000010000011110100000111100110001111]

The following sequences is a (12, 1)-CS of length 597:

[101011001110110101100111110010110011111111011001111111110110
111111111000011011111100001010000110000101001111000010100100
001001010010001111001001000111010001100011101001101101110100
110110000110011011000100101101100010001100110001000100110000
100010010001010001001001010101100100101010000010010101000101
010110100010101110010001010110101000101011111100010101111101
111010111110100011011111010010111101101001011100011110101110
001101101111000110111001110011011100101001001110010100000110
010010000011000000000001100000111100110000011110000001101111
000000011111100000001011101010000101110101001110111010100] .

The following sequences is a (13, 1)-CS of length 1172:

[10111001111101101110011111110011100111111001111001111110011
01001011110011010001110000110100011101011000000111010110100
10111010110101010000101101010101110011010101011111000000010
11111000010000111110000100010010100001000100010010010001000
1010100000100010101001011000101010010100011010100101000001 1
11001010000010001101000000100011001110001000110010100110001
10010101101101100101011001110101010110011101101001100111011
00100000111011001001111010110010011111001100100111101111101
00111101111111000111011111110100110111111101111101111111011
01010111111011010111101110110101110000001101011100010111010
1110001000011011100010000000111000100000000001 1000000000000
11111101010000111111010010001111110100011111111101000101011
11101000101011101010001010111101100001101111011000110011110
11000100101100110001001010010000010010100110100100101001110
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11110001001110111100001011101111000110101011110001101100010
10001101100001110001011000011100100110000111001111100001110
01000000001110010001100011100100001010111001000010011011010
00010011011100000100110111011001001101110100011011011101000
10110001101000101100101100001011001011011111110010110111101
000101101111010011001011110100111000010101001110000] .

The following sequence is a (14, 1)-CS of length 2271:

[11110111101011011110111101010111110111101010010110111101010
01000011110101001000110001111001000110001010111000110001010
01000011000101001110010001011001110010001010101110010001010
11011001000101010000101000101010000111100101010000110100010
00100011010001000001101010001000001000000001000001000100001
00000100011111100000100011101110000100011101011000100011101
01110010001110101010010001110100001001101110100001000000010
10000100000111111101100000111111100101011111111100101000001
1111001010001100111001010001100100010010001100100000000001 1
00100000010101100100000010011100100000010000110000000010000
11011000001000011011101111000011011101010101011011101010100
10111110101010010100110101010010100110010110010100110011110
00010011001111001001001001111001001111100111001001111111101
01100111111110111000111111110111111011111110111111100010010
11111110001101001111110001101001011010001101001010111101101
00101011110001000101011110001011101011110001011010111110001
01101011000010101101011000110001101011000110010010111000110
01001001000011001001001100000101001001100001000011001100001
00011110110000100011011111100100011011111010010101011111010
01000010111101001000010010011001000010010100101000010010101
01000001001010100111011011010100111011100110100111011101000
00011101110100011110101110100011100001110100011100111010000
01110011101011100110011101011111000011101011111001111101011
11100110101001111100110101110100000110101110100110000101110
10011010110111010011011111111010011011100111010011011100101
11001101110010111101001110010111100111100010111100111101100
01110011110110110010011110110110010111011010110010111011000
10001011101100001011001101100001011011000101001011011000110
00101101100011111001101100011111011001111011111011001110110
01101100111011010101100111011001011010111011001011011011011
00101101001001100101101000100110101101000100111010101000100
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11100011100010011100000010010011100000010101001100000010101
10101001001010110101000101100000101000101100000001010101100
00000101110001000000101110011000111011110011000111110110011
00011110000101100011110000000010011110000000111101110000000
11100110101000011100110110100111100110110100010100110110100
00000011011010000110111111010000110110111110000110110111000
00011011011100001111011011100001100000011100001100000110001
00110000011000010110000011000] .

The following six codewords form a (11, 15, 2)-CSC:

[110011101001001],[111010111001011], [110101110000000],
[010111001000000], [100101000111101], [001010001101100] .

Their extension by ten bits and their associated overlaps are as follows:

1100111010010011100111010 6 1101011100000001101011100 8 1001010001111011001010001 9
1110101110010111110101110 9 0101110010000000101110010 5 0010100011011000010100011 2

The total number of bits in the six sequences is 150 and the total number of overlaps is
39. This yields a (11, 2)-CS of length 150 — 39 = 111:

[11001110100100111001110101110010111110101110000000110101
1100100000001011100101000111101100101000110110000101000]

The following nine codewords form a (12, 13, 2)-CSC:

[1000101000010], [0100000000100], [1000000001101], [0000110101101], [1010110011110],
[1001110110000], [1000111001001], [1100101111100], [1100101111111].

Their extension by eleven bits and their associated overlaps are as follows:

100010100001010001010000 6 000011010110100001101011 6 100011100100110001110010 6
010000000010001000000001 10 101011001111010101100111 6 110010111110011001011111 11
100000000110110000000011 6 100111011000010011101100 3 110010111111111001011111 1

The total number of bits in the nine sequences is 216 and the total number of overlaps is
55. This yields a (12, 2)-CS of length 216 — 55 = 161:

[100010100001010001010000000010001000000001101100000000110101
101000011010110011110101011001110110000100111011000111001001
10001110010111110011001011111111100101111].

The following sixteen codewords form a (13, 13, 2)-CSC:

[1111111001011], [1001010011010], [0101001101101], [0011011000110],
[0110001100101], [0011001011011], [0101101000001], [1011010000011],
[0001001001111], [0100111010111],[1011111110111], [1111011100000],
[1110000010001], [1000001000000], [0000000111001], [0111000100001] .

Their extension by twelve bits and their associated overlaps are as follows:
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1111111001011111111100101
1001010011010100101001101
0101001101101010100110110
0011011000110001101100011
0110001100101011000110010
0011001011011001100101101

~N 0 © 0 =

(=]

0101101000001010110100000
1011010000011101101000001
0001001001111000100100111
0100111010111010011101011
1011111110111101111111011
1111011100000111101110000

R I B S R e N

—_

1110000010001111000001000
1000001000000100000100000
0000000111001000000011100
0111000100001011100010000

S N L=

(=]

The total number of bits in the sixteen sequences is 400 and the total number of overlaps

is 108. This yields a (13, 2)-CS of length 400 — 108 = 292:

[111111100101111111110010100110101001010011011010101001101100
011000110110001100101011000110010110110011001011010000010101
101000001110110100000100100111100010010011101011101001110101
111111011110111111101110000011110111000001000111100000100000
0100000100000001110010000000111000100001011100010000] .

The following sequence is a (14, 2)-CS of length 525:

[001011110100100001011110100111111101110100111111101111100111
111101100011001111101100011011011000100011011011000011111011
011000011100011011000011100100110100011100100111001100010100
111001100101011001001100101011101111110101011101111000000101
101111000000010001111000000011001101001000011001101010010011
001101010010010110101010010010110101011110010110101011001101
011101011001101011110111101101011110111010010111100111010010
111011100000010111011100101000101011100101000100000011101000
100000000110000100000000110010001010000110010] .

The following sequence is a (15, 2)-CS of length 907:

[000010111100110000001011110011001000010111001100100000101110].
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The following five codewords form a (13, 13, 3)-CSC:

[0110111110111], [1111101100010], [0110001101000], [1101000001001], [0100000100000] .

Their extension by twelve bits and their associated overlaps are as follows:

0110111110111011011111011 8 0110001101000011000110100 6

0100000100000010000010000 1
1111101100010111110110001 7 1101000001001110100000100 10

The total number of bits in the five sequences is 125 and the total number of overlaps is
32. This yields a (13, 3)-CS of length 125 — 32 = 93:
[011011111011101101111101100010111110110001101000011000110100
000100111010000010000001000001000] .

The following ten codewords form a (14, 15, 3)-CSC:

[110011000000010], [011010101001111], [010011101011110], [110101111000100],
[000101100001001], [101101011111101],[111111110001101], [000111011001010],
[001001000101000], [010100001100010] .

Their extension by thirteen bits and their associated overlaps are as follows:

1100110000000101100110000000 1 0001011000010010001011000010 2
0110101010011110110101010011 6 1011010111111011011010111111 6
0100111010111100100111010111 8 I111111100011011111111100011 5
1101011110001001101011110001 4 0001110110010100001110110010 4

0010010001010000010010001010 5
0101000011000100101000011000 O

The total number of bits in the ten sequences is 280 and the total number of overlaps is
41. This yields a (14, 3)-CS of length 280 — 41 = 239:
[111001001110101111000100110101111000101100001001000101100001
011010111111011011010111111110001101111111110001110110010100
00111011001001000101000001001000101000011000100101000011000] .

The following sequence is a (15, 3)-CS of length 406:

[100000010100101100000010100100000100010100100000100000010110
010100000010110010001111010110010001111110001110101111110001
110111110101111110111110101111100011001101111100011000110111
100011000110110001011101110110001011101101111001111101101111
001101010000011001101010000011100110010000011100110111000010
100110111000010100000000000010100000001110100100000001110101
1010011111101011010011111001100101011111001100] .

@ Springer



Constructions of covering sequences and 2D-sequences

5467

Appendix C (15, 1)-CS from the Hamming code of length 15

00001011101010100001011101010
00010011001110100010011001110
00001010001110100001010001110
00011100111111100011100111111
00111111111010100111111111010
00010011100101100010011100101
00101101101110100101101101110
00000111100001100000111100001
1000010000100001000
00001000100010100001000100010
00010001001001100010001001001
00100100111101100100100111101
00111101010110100111101010110
00011001111110100011001111110
00011011010010100011011010010
00101011111110100101011111110
00001101111010100001101111010
00001110011001100001110011001
00110011011010100110011011010
00000110101110100000110101110
00001110110010100001110110010
00101110100110100101110100110
00000101100110100000101100110
00000011110110100000011110110
00000010010010100000010010010
10010010010010010
00100101011001100100101011001
00100101110010100100101110010
00000001011010100000001011010
00010110100100100010110100100
00100111011110100100111011110
00011100100110100011100100110
00100110111010100100110111010
00011010110110100011010110110
00001100101100100001100101100
00010101101100100010101101100
00001010111100100001010111100
00011111011100100011111011100
00011001001100100011001001100
00010011111100100010011111100
00000110011100100000110011100
00000000100111100000000100111
00001001110100100001001110100
00000000010101100000000010101
00000101010100100000101010100
00001101001000100001101001000
00001011011000100001011011000
00000111111000100000111111000

00000001101000100000001101000
00000100110000100000100110000
00000010100000100000010100000
000000000000000
00000000001100100000000001100
00000011000100100000011000100
00010001100010100010001100010
00010101000111100010101000111
00011111101110100011111101110
00010100111010100010100111010
00111010111011100111010111011
00010010101010100010010101010
01010101011101101010101011101
00010010110011100010010110011
00001111001111100001111001111
00111101001111100111101001111
00111110110101100111110110101
00001011110011100001011110011
00001100011110100001100011110
00011110010011100011110010011
00100111110101100100111110101
00010110111101100010110111101
00001001101101100001001101101
00001001011111100001001011111
00101111101001100101111101001
00001001000110100001001000110
00011010011101100011010011101
00111011011111100111011011111
00001000111011100001000111011
00011101101001100011101101001
00010001111011100010001111011
00111101111101100111101111101
00010101110101100010101110101
00001100110101100001100110101
00110101010011100110101010011
00000111010011100000111010011
00010101011110100010101011110
01011110111011101011110111011
00000110110111100000110110111
00010111011001100010111011001
00010011010111100010011010111
01011111011111101011111011111
00001010100101100001010100101
1010010100101001010
00101011010101100101011010101
00000101111111100000101111111
00001110101011100001110101011
00000110000101100000110000101

[ RV =N

N O © O O O O O O O W O O 0 Qo0 O Vv O VW o N0 VW o o 0 N o o o0 o v o ®

00001010010111100001010010111
00101111011011100101111011011
11011011011011011
00000101001101100000101001101
00110110011011100110110011011
00010111110010100010111110010
00101011100111100101011100111
1110011100111001110
00111011101101100111011101101
00000100101001100000100101001
00101001111001100101001111001
00000100011011100000100011011
00011011001011100011011001011
00101110111111100101110111111
00011001100111100011001100111
00000011101111100000011101111
00000011011101100000011011101
00000111001010100000111001010
00101010011010100101010011010
00110100110111100110100110111
00110111111111100110111111111
JRRRRRRREREREEN!
00000010111001100000010111001
00001101010001100001101010001
00010111101011100010111101011
00011101011011100011101011011
00000010001011100000010001011
00010110001111100010110001111
00011111110111100011111110111
1111011110111101111
00000001110001100000001110001
00010100100011100010100100011
00011010101111100011010101111
01011111101101101011111101101
00001111010110100001111010110
1101011010110101101
00010110010110100010110010110
00101101110111100101101110111
00000001000011100000001000011
00001101100011100001101100011
1100011000110001100
00011001010101100011001010101
01010101101111101010101101111
00000000111110100000000111110
00001111100100100001111100100
00100101101011100100101101011
00011011111001100011011111001
00001111111101100001111111101

S ® N N O N O ® O N WL RO ® NN O O kRO OO XN OO OO0 O O ® O ® O O ® kOSSO ®©

S

= - -
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The total number of bits in the one hundred forty-four sequences is 4064 and the total
number of overlaps is 548. This yields a (15, 1)-CS of length 4064 — 548 = 3516.

Appendix D (16, 1)-CS from self-dual sequences of length 32

1110010011010011000110110010110011100100110100010001101100101110111001001101001 11
0100110100100010101100101101110101001101001001101011001011011001010011010010001 11
1101001000110110001011001100100111010011001101100010110111001001110100100011011 9
1000110110100101011100100101101010000101101001010111101001011010100011011010010 9
0110100101000001100111101011111001100001010000011001011010111110011010010100000 9
0101000000101100101011111111001101010000000011001010111111010011010100000010110 8
0001011010000010111010010111110100010010100000101110110101111101000101101000001 7
1000001111000101001111000011101011000011110001010111110000111010100000111100010 5

0001011110000111111010000111100000010011100001111110110001111000000101111000011 10
1111000011011000000001110010011111111000110110000000111100100111111100001101100 8
0110110010001000100100110111011101101101100010001001001001110111011011001000100 8
0100010000101111101110111101000001000100001010111011101111010100010001000010111 12
0010000101110000110011101000111100110001011100001101111010001111001000010111000 13
1000010111000100011010100011101110010101110001000111101000111011100001011100010 12
0010111000101000110100011101011101101110001010001001000111010111001011100010100 10
1100010100100001001110111101111011000100001000010011101011011110110001010010000 8
1001000010001010011011110111010010010000100010110110111101110101100100001000101 7
1000101110111100011101000100000110001011101111100111010001000011100010111011110 8
1101111000100111001000011101100011011110011001110010000110011000110111100010011 7
0010011001100000110110011001111101100110011000001001100110011111001001100110000 10
1100110000110101001100111100101011001100011101010011001110001010110011000011010 9
0000110101111111111100101000000000001101111111111111001000000000000011010111111 10
1010111111000000010100000011101110101111110001000101000000111111101011111100000 10
1111100000110000000001011100111111111010001100000000011111001111111110000011000 10
0000011000110001111110011100111000000110001100111111100111001100000001100011000 11
0110001100001000100111001111001101100011000011001001110011110111011000110000100 9
1100001001101100001111011001001111000010011111000011110110000011110000100110110 10
0100110110110100101100100100101101001101111101001011001000001011010011011011010 9
0110110101001101100100101011001001100101010011011001101010110010011011010100110 7
0100110000001101101100111111001001011100000011011010001111110010010011000000110 12
0110000001100110100111111001100100100000011001101101111110011001011000000110011 9
0001100110011010111001100110010100111001100110101100011001100101000110011001101 6
0011010001110010110010111000110101110100011100101000101110001101001101000111001 11
0100011100111011101110001100010001000111000110111011100011100100010001110011101 10
1110011101011110000110001110000111100111000111100001100010100001111001110101111 9
1101011110101011001010000111010011010111100010110010100001010100110101111010101 7
1010101011111011010101010000010010111010111110110100010100000100101010101111101 10
0101111101010010101000001010110111011111010100100010000010101101010111110101001 8
1010100100111001010100101100011010101101001110010101011011000110101010010011100 10
0010011100010010110110001110111100100111000100001101100011101101001001110001001 11
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0111000100100000100111101101111101100001001000001000111011011111011100010010000 11

0001001000010100101011011110101101010010000101001110110111101011000100100001010 9
1000010101100000011110111001111110000100011000000111101010011111100001010110000 11
0101011000001010101010011101010101010110001010101010100111110101010101100000101 10
1100000101000010000111101011110111100001010000100011111010111101110000010100001 5
0000101001011011111101011010010000011010010110111110010110100100000010100101101 13
0010100101101000110101101001011100111001011010001100011010010111001010010110100 8
1011010000100100010011111101101110110000001001000100101111011011101101000010010 13
1101000010010110011011110110100110010000100101100010111101101001110100001001011 5
0101101111001111101001000011000001011111110011111010000000110000010110111100111 10
0111100111101101100000100001001001111101111011011000011000010010011110011110110 9
0111101100101010100001001101010101101011001010101001010011010101011110110010101 13
1110110010101101000100110101001011111100101011010000001101010010111011001010110 10
1001010110001111011010100111000110010101100011100110101001110000100101011000111 7
1000111101111101011100001000001010001111111111010111000000000010100011110111110 9
1101111100010111001000001110100011011101000101110010001011101000110111110001011 12
1111100010111110000001110100000110111000101111100100011101000001111110001011111 11
1000101111110111011101000000100010001011110101110111010000101000100010111111011 8
1111101101101111000001001001000011111111011011110000000010010000111110110110111 10
0110110111010011100100100011110001101101110000111001001000101100011011011101001 9
0111010010101011100010110101110001110100101000111000101101010100011101001010101 8
0101010110011111101010100110000001010111100111111010100001100000010101011001111 12
1010110011110000010100110000111110101100110100000101001100101111101011001111000 11
1100111100010000001100001110011111001111000110000011000011101111110011110001000 0

The total number of bits in the sixty-four sequences is 5056 and the total number of overlaps
is 594. This yields a (16, 1)-CS of length 5056 — 594 = 4462.
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